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Abstract
We construct a model of the Cyclic Universe from a joint theory of General relativity, Thermodynamics and
the Quantum information theory. Friedmann equations and the thermodynamical Gibbs-Duhem relation
determine a general form of the Hubble function which predicts a dynamical Dark Energy (DE) and a
dynamical Dark Matter (DM) described by new entropic terms and by the equations of state w0 = −1 and
wM = 0, respectively, at all z. The entropic terms give rise to the acceleration and deceleration stages of
the expansion of the Cyclic Universe.
We posit the spacetime has a quantum structure described by the Quantum information theory. We
identify the space quanta ρ with two-qubit quantum states of massless gravitons with helicity states |± 2 >.
All space quanta carry quantum information entropy S(ρ). All entangled quanta carry entanglement entropy
SE(ρ) and form DE. All non-entangled quanta form DM. The average quantum state of DE is a special
state ρλ(t). It is described by the scale factor a(t) and carries entropy Σλ(t). In the absence of Baryonic
matter DM and DE are described by probability distributions of their entropies p(~x, t, S) and q(~x, t, χ)
where χ(ρ) = SE(ρ) + S(ρ). Fisher information metric generates from these distributions the vacuum
gravitational fields hMVµν and h
EV
µν of DM and DE. In the presence of the Baryonic matter the distributions
are displaced p→ p′ and q → q′. Fisher metric then defines the displaced fields hMBµν and hEBµν . In Einstein’s
theory of General relativity Space is the gravitational field which we identify with Dark Energy and Dark
Matter fields. The theory predicts the existence of a new ”residual” matter term with equation of state
wr = − 13 in the Hubble function and the negative spatial curvature k = −1 the consequence of which are
constraints on cosmological parameters. The theory also relates the new entropic terms of DE and DM in
the Hubble function to the entropy Σλ(t). We derive equations of state of Dark Energy and Dark Matter
and the ”residual” matter term from the kinetics of the space quanta modeled as non-classical particles with
momentum and energy defined in terms of their entropies. We recover Robertson-Walker metric and the
Friedmann equations from the gravitational fields of Dark Energy and Dark Matter. The predictions of the
theory are tested and confirmed by cosmological data in Part II of this work.
PACS numbers: 9880.-k, 9880.Qc, 9535.+d, 9535.+x
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I. INTRODUCTION
The key insight of Albert Einstein in his 1916’s epoch making paper [1] was the realization that
space is not a ”container” of the gravitational field: space is the gravitational field. This means
that space is not something separate from the matter but one of the ”material” components of the
Universe. Einstein’s equations of General Relativity relate these two Space/Gravitational Field
and Matter components of the Universe.
Over the past century our view of the Universe has been evolving from seeing the Universe
as a static and stable system to imagining it expanding at a constant velocity to assuming that
this velocity is decreasing at a constant rate to recent observations that this velocity is actually
accelerating [2–5] (for a recent review see [6]). These observations are embodied in the Hubble
function H2(z) of a highly successful ΛCDM Model [7] as a constant Dark Energy density term
ρΛ with equation of state wΛ = −1 corresponding to a negative pressure pΛ = wΛρΛ. The physical
origin of the Dark Energy is unknown in the ΛCDM Model and in the numerous alternative models
of Dark Energy [8–10]. The observations to be made by the ongoing and upcoming astronomical
surveys at high redshifts including Dark Energy Survey (DES) [11], Large Synoptic Survey Tele-
scope (LSST) [12], Euclid Mission [13], Wide Field Infrared Survey Telescope (WFIRST) [14, 15]
and Square Kilometer Array (SKA) [16] will significantly contribute to our understanding of the
Dark Energy and provide new tests of the ΛCDM Model [17].
In the Part I of this work we construct a model of the Cyclic Universe from a joint theory of
General relativity, Thermodynamics and the Quantum information theory of the Space based on
four central propositions:
(1) Dark Energy and Dark Matter are the Space
(2) Space has an observable quantum structure
(3) Dark Energy and Dark Matter have distinct quantum structures
(4) Dark Energy and Dark Matter are gravitational fields arising from these quantum structures.
In the Part II of this work we test the predictions of this model by cosmological data [18].
Friedmann equations and the thermodynamical Gibbs-Duhem relation determine a general form
of the Hubble function which predicts Dark Energy and Dark Matter terms in the Hubble function
H2 = H20
[
Ω0,0 +Σ0(z) + (1 + z)
3
(
ΩMm,0 +ΣM (z)
)
+ (1 + z)4Ωrad,0
]
(1.1)
The subscript Mm indicates the inclusion of the atomic matter. The new entropic terms Σ0(z)
and ΣM (z) are given by the entropies of Dark Energy S0(t) and Dark Matter SM(t), respectively.
These entropic terms are related by the relation
dΣ0
dz
+ (1 + z)3
dΣM
dz
(1.2)
which is equivalent to the entropy conservation S0(t) + SM (t) = S
′ = const. It is these entropic
terms that give rise to the serial acceleration-deceleration transitions of the expansion of the Cyclic
Universe in our Model A developed in Ref. [19]. This General theory also determines the equations
of state w0 = −1, wM = 0, wm = 0, wrad = +1/3 at all z for Dark Energy, Dark Matter, atomic
matter and radiation, respectively. The theory is self-consistent even when we add to the Hubble
fuction an additional ”residual” matter term with the equation of state wr = −13 at all z
H˜2 = H2 +H20Ωr,0(1 + z)
3(1+wr) (1.3)
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Since Space is a ”material” substance it must have an observable quantum structure. The
background spacetime is a standing gravitational wave gµν(~x, t) given by the Roberson-Walker
metric with a periodic scale factor 0 < amin ≤ a(t) ≤ amax <∞ and tensor components hij(~x, t) =
a(t)2Sij(~x). According to the principle of particle-wave duality this spacetime has a quantum
structure. We identify the space quanta ρ with two-qubit quantum states of massless gravitons
with helicity states |±2 >. All entangled space quanta form Dark Energy. All non-entangled space
quanta form Dark Matter. All space quanta carry quantum information entropy [22–24] S(ρ). All
entangled quanta also carry relative entropy of entanglement [24] SE(ρ) which defines the quantity
χ(ρ) = SE(ρ) + S(ρ) ≥ 0. The entangled states of Dark Energy are non-local states that violate
Bell inequality [20, 21].
In the absence of Baryonic matter the quanta of Dark Matter are described by the probability
distribution p(~x, t, S) while the quanta of Dark Energy are described by the probability distribution
q(~x, t, χ). Fisher information metric [26] generates from these distributions vacuum gravitational
fields of Dark Matter hMVµν (~x, t) and Dark Energy h
EV
µν (~x, t). In the presence of the Baryonic matter
these distributions are displaced p→ p′ and q → q′. Fisher metric then defines the displaced fields
hMBµν and h
EB
µν . Einstein’s equations for these fields define the corresponding energy-momentum
stress tensors. In general, on galactic and cluster scales we expect |hEBµν | ≪ |hMBµν |.
The fields hMBµν and h
EB
µν defined in a local inertial frame with Minkowski metric predict the
existence of a new cosmological ”residual” matter term ρr(t) with equation of state wr = −13 .
Consistency of this ”internal” curvature term with the curvature in Robertson-Walker metric re-
quires negative spatial curvature k = −1. The positivity of the spatial curvature density Ωc,0 > 0
imposes constraints on the cosmological parameters Ω0,0 and ΩMm,0 in terms of parameters of
ΛCDM Model
ΩMm,0 +Ωr,0 > Ω
Λ
Mm,0 (1.4)
Ω0,0 < ΩΛ (1.5)
The average quantum state of the entangled states of Dark Energy is given by a special quantum
state ρλ(t) which is described by the scale factor a(t). The entropy term Σ0(z) is a functional of
the quantum information entropy Σλ(z) of the state ρλ(t). Together with the ”residual” matter
term, the joint dynamics of gravity, Thermodynamics and Quantum information theory enbodied
in the entropic equations describes the Hubble function called Entropic Model E.
In the Part II of this work we test the model E in fits to the Hubble data and angular diameter
distance data [18]. The values of χ2/dof and information criteria AIC and BIC are significantly
better compared to the ΛCDM Model. The data support the quantum information model of Dark
Energy and Dark Matter as the quantum structure of the spacetime. In a previous work [19] we
have developed an analytical model of a Cyclic Universe called Model A. The Model E is essentially
identical to the Model A with an astonishing χ2/dof = 0.0000057. We conclude that the Entropic
Model E and the Model A represent the same Cyclic Universe with negative curvature.
The paper is organized as follows. Section II formulates the Cyclic Model of the Universe.
Section III combines the Friedmann equations with Gibbs-Duhem relation to predict a general form
of the Hubble function. In Section IV we apply the Laws of Thermodynamics to all components
of the Universe separately. In Section V we formulate our model of Dark Energy and Dark Matter
as the quantum structure of the spacetime. In Section VI we discuss the transformations of the
entropies of Dark Energy and Dark Matter and calculate their entropic terms in a quantum model.
In Section VII we derive equations of state of Dark Energy and Dark Matter and the ”residual”
matter term from the kinetics of the space quanta. In Section VIII we recover Robertson-Walker
metric and in Section IX the Friedmann equations from the gravitational fields of Dark Energy and
Dark Matter. The paper closes with our conclusions and outlook in Section X and two Appendices.
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II. FRIEDMANN EQUATIONS OF THE CYCLIC UNIVERSE
The expanding and contracting homogeneous and isotropic spacetime of the Cyclic Universe is
described by the Robertson-Walker (RW) metric. In cartesian coordinates it is given by [27, 28]
gij = a
2(t)δij + a
2(t)
k
R20
xixj
1− k
R2
0
~x2
= a2(t)δij + a
2(t)Sij(~x) (2.1)
g00 = −1, gi0 = g0j = 0
where R0 is the curvature parameter and k = −1, 0,+1 stands for open, flat and closed geometry.
It is a standig gravitational wave with tensor components hij(~x, t) = Sij(~x)a
2(t) and periodic non-
singular scale factor 0 < amin ≤ a(t) ≤ amax < ∞. For a homogeneous and isotropic cosmic fluid
with energy density ρ and pressure p Friedmann equations have the form
ρ+ ρΛ + ρc =
3c2
8πG
H2 (2.2)
p+ pΛ + pc =
3c2
8πG
(−H2 − 2
3
dH
dt
)
(2.3)
Here ρΛ and pΛ = −ρΛ are the energy density and pressure of cosmological constant and ρc and
pc = −13ρc are the energy density and pressure of the curvature [28]. These two energy densities
are given by
ρΛ =
3c2
8πG
Λ
3
, ρc =
3c2
8πG
−kc2
R20a
2
(2.4)
where Λ is the cosmological constant. They satisfy continuity equations
dρΛ
dt
+ 3HρΛ = −3HpΛ (2.5)
dρc
dt
+ 3Hρc = −3Hpc
Using these relations Friedmann equations lead to similar continuity equation for the density ρ.
The Hubble function is defined in terms of the scale factor
H(t) =
1
a(t)
da(t)
dt
(2.6)
The cyclic scale factor is a complex wave function with a period T so that a(t+T ) = a(t). During
the expansion phase H(t) > 0, during the contraction H(t) < 0. At the turning points tα = 0 and
tω = T/2 of the expanding Universe the scale factor a(tα) = amin > 0 and a(tω) = amax < ∞.
Consequently
H(tα) = H(tω) = 0 (2.7)
The contraction phase ends at the turning point t2α = T with the scale factor a(t2α) = amin and
H(t2α) = 0.
Since H(t) is a cyclic function the combinations
ρ¯ = ρ+ ρΛ + ρc (2.8)
p¯ = p+ pΛ + pc
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are the cyclic energy density and the cyclic pressure. The Friedmann equations for the Cyclic
Universe then read
ρ¯ =
3c2
8πG
H2 (2.9)
p¯ =
3c2
8πG
(−H2 − 2
3
dH
dt
)
(2.10)
where ρ¯ and p¯ satisfy continuity equation
dρ¯
dt
+ 3Hρ¯ = −3Hp¯ (2.11)
Notice that H(t) does not depend on the curvature parameter R0 and therefore on ρc, pc.
The Hubble function determines the acceleration of the expansion of the Universe in terms of
the deceleration parameter q(t) or q(z) given by
q(t) =
−1
H2a
d2a
dt2
= −1− 1
H2
dH
dt
(2.12)
q(z) = −1 + 1 + z
H
dH
dz
= −1 + 1
2
1 + z
H2
dH2
dz
(2.13)
III. THERMODYNAMICS OF THE UNIVERSE
A. Friedmann equation for the Hubble function
The Friedmann equations (2.9) and (2.10) determine the cosmic density ρ¯ and pressure p¯ for
any given Hubble function. In this view the scale factor a(t) and thus the Hubble function H(t)
are variables external to the theory of gravity. However, there is no physical theory of the scale
factor that would supply the Hubble function.
We propose an alternate view in which the Hubble function is determined by the theory of
gravity in terms of the pressure from the second Friedmann equation (2.10). The pressure in turn
is determined by another fundamental theory: Thermodynamics. The cyclic energy density ρ¯ is
a derived variable from the first Friedmann equation (2.9). In this picture the evolution of the
Universe is governed jointly by the Laws of gravity and the Laws of Thermodynamics.
The equation (2.10) can be written in the form
p¯ =
3c2
8πG
(−H2 − a
3
dH2
da
)
(3.1)
or as a differential equation for H2
dH2
da
+
3
a
H2 = −8πG
c2
p¯
a
(3.2)
This is a first order linear equation y′(x) + P (x)y = Q(x) for y = H2 which has a solution [29]
y(x) = exp
(
−
x∫
x0
P (x′)dx′
)[
y(x0) +
x∫
x0
Q(x′) exp
( x′∫
x0
P (z)dz
)
dx′
]
(3.3)
The solution of (3.2) then reads
H2(a) =
(a0
a
)3{
H20 −
8πG
c2a0
a∫
a0
( a′
a0
)2
p¯da′
}
(3.4)
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We shall refer to this equation as Friedmann equation for the Hubble function. It shows that the
Hubble function is determined by the Laws of Thermodynamics.
B. Gibbs-Duhem equation for the pressure
We view the Universe as a thermodynamical system governed jointly by the Friedmann equations
and the Laws of Thermodynamics. We thus supplement the Friedmann equations by the Euler’s
equation of the Thermodynamics [31]
U = −p¯V + kTS + µN +
∑
i
µr,iNr,i (3.5)
where U is the internal energy of the Universe, V is the expanding observable volume of the
Universe, T is its temperature, S is its total entropy, N its total number of particles and Nr,i are
additional (residual) extensive state variables. k is the Boltzmann constant and µ is the chemical
potential. The First Law of Thermodynamics requires that the expression dU = −p¯dV + kTdS +
µdN +
∑
i
µr,idNr,i be fully integrable. The total differential dU then splits into two parts [31]
dU = −p¯dV + kTdS + µdN +
∑
i
µr,idNr,i (3.6)
0 = −dp¯V + kdTS + dµN +
∑
i
dµr,iNr,i (3.7)
The first equation is the First Law of Thermodynamics, the second equation is the Gibbs-Duhem
relation [31]. We assume that the Cyclic Universe is an isolated system in an equilibrium with
S = const and N = const which satisfies the Second Law of Thermodynamics. Assuming at
first that all Nr,i = 0 the First Law reduces to the continuity equation (2.11). The Gibbs-Duhem
relation then gives an independent expression for the pressure
p¯(t) = p¯α +
t∫
tα
kdT
dt′
S
V (t′)
dt′ +
t∫
tα
dµ
dt′
N
V (t′)
dt′ (3.8)
With kdT
dt′
< 0 and dµ
dt′
> 0 we expect periodic sign changing pressure reaching a maximum p¯max > 0
at the point dp¯
dt
= 0 where
kdT
dt
S
V
+
dµ
dt
N
V
= 0 (3.9)
In this model of cyclic p¯(t) we expect p¯min = p¯α and p¯max = p¯ω.
To evaluate the expression for p¯(t) we recall the well known relation for the temperature [32, 33]
a(t)T (t) = a(t0)T (t0) = a(tα)T (tα) (3.10)
Taking a derivative we get
dT
dt
= −a(tα)T (tα)
a2
da
dt
(3.11)
The volume V (t) = a3(t)V where V is the comoving volume of the Universe. We define comoving
entropy density σ = SV and comoving particle density n =
N
V . We express
dµ
dt
= dµ
da
da
dt
. With
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da
dt
dt = da we can write (3.7) as an integral over a
p¯ = p¯α +
a(t)∫
aα
[
−kT (tα)a(tα) σ
a5
+
dµ
da
n
a3
]
da (3.12)
To evaluate the integral over dµ
da
we shall use the Generalized Mean Value Theorem [29] that reads
as follows: If the functions f(x) and φ(x) are continous on the closed interval [a, b], and φ(x) does
not change sign in this interval, then there exists at least one point ξ, a < ξ < b, such that
b∫
a
f(x)φ(x)dx = f(ξ)
b∫
a
φ(x)dx (3.13)
is valid. Thus we can write
a(t)∫
aα
dµ(a)
da
n
a3
da =
dµ(ξ(a))
da
a(t)∫
aα
n
a3
da = −dµ(ξ(a))
da
n
2
( 1
a2
− 1
a20
)
(3.14)
where ξ(a) ≡ ξ(a(t)) indicates the dependence of the point ξ on the variable upper limit of the
integral. Carrying out the remaining integration we find
p¯ = p¯(a) = p¯α +
kT (tα)a(tα)σ
4
[ 1
a4
− 1
a4α
]
− dµ(ξ(a))
da
n
2
[ 1
a2
− 1
a2α
]
(3.15)
where a ≡ a(t) is the time dependent scale factor. We are free to choose the lower limit of the
integration and chossing the present time t0 the equation (3.15) reads
p¯ = p¯(a) = p¯0 +
kT0a0σ
4
[ 1
a4
− 1
a40
]
− dµ(ξ(a))
da
n
2
[ 1
a2
− 1
a20
]
(3.16)
The key insight is the observation that logically the pressure is not determined by the Friedmann
equations but originates in the internal thermodynamics of the Universe in which the entropy
density and particle density of the Universe play important role. The equations (3.4) and (3.16)
connect the two dynamical aspects of the evolution of the Universe: gravity and thermodynamics.
C. General theory: The prediction of Dark Energy and Dark Matter
With Gibbs-Duhem pressure (3.16) the Friedmann equation for the Hubble function (3.4) has
an elegant and physically significant general solution. To carry out the integrations we shall use
3
a∫
a0
p¯(a′)a
′2da′ =
a∫
a0
d
da
(
p¯(a′)a
′3
)
da′ −
a∫
a0
dp¯
da′
a
′3da′ (3.17)
=
(
p¯a3 − p¯0a30
)
− kT0a0σ
(1
a
− 1
a0
)
− [µ(a)− µ(a0)]n
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In terms of the redshift a0
a
= 1 + z the general solution for the Hubble function then reads
H2 = H20
[
Ω0,0 +Σ0(z) + (1 + z)
3
(
ΩMm,0 +ΣM (z)
)
+ (1 + z)4Ωrad,0
]
(3.18)
Ωrad,0 =
8πG
3c2H20
(3kT0σ
4a30
)
=
8πG
3c2H20
(
3prad,0
)
=
8πG
3c2H20
ρrad,0 (3.19)
Ω0,0 =
8πG
3c2H20
(
−p¯0 + kT0σ
4a30
)
=
8πG
3c2H20
(
−p0,0
)
=
8πG
3c2H20
ρ0,0 (3.20)
ΩMm,0 = ΩM,0 +Ωm,0 = 1− Ω0,0 − Ωrad,0 (3.21)
Σ0(z) =
8πG
3c2H20
[dµ(ξ(a))
da
n
2
]( 1
a2
− 1
a20
)
(3.22)
ΣM (z) =
8πG
3c2H20
[
µ(a)− µ(a0)
] n
a30
(3.23)
where p¯ = p0 + prad is the total pressure (3.16) and p0,0 and prad,0 are the present pressures of
Dark Energy and radiation, respectively. The notation ΩMm,0 indicates the inclusion of the atomic
matter m. Notice that the correction terms Σ0(z) and ΣM(z) vanish at z = 0. We refer to (3.18)
and (3.19)-(3.23) as the General theory. An alternative derivation of (3.18) is given in the Appendix
A.
The Hubble function (3.18) shows that the joint theory of gravity and thermodynamics naturally
predicts the existence of Dark Energy Ω˜0 = Ω0,0 + Σ0(z) and Dark Matter Ω˜M = ΩM,0 + ΣM(z).
Notably, the first term of the Dark Energy Ω0,0 is proportional to the present pressure. The second
terms Σ0(z) and ΣM(z) describe the dependence of the Dark Energy and Dark Matter on the
internal dynamics of the evolution in terms of changes of the chemical potential. Although the
total number of the particles is constant, they undergo changes with the evolution of the Universe.
Each component of the Universe is described by its own chemical potential µk(t), k = 0,M,m, rad
such that
dµ
dt
N =
rad∑
k=0
dµk
dt
Nk (3.24)
In the following we shall use the deceleration parameter (2.13) in the form
q(z) = −1 + 1
2
1 + z
H2
dH2
dz
(3.25)
If in (3.18) the Dark Energy terms Ω0,0 and Σ0 were zero and the Dark Matter term ΣM were zero,
and the atomic matter term were (1 + z)3Ωm,0, then we would find
q(z) =
2ΩM,0 + 2Ωm,0 + 3Ωrad,0
ΩM,0 +Ωm,0 +Ωrad,0
> 1 (3.26)
With q(z) > 0 at all z there would be no accelerated expansion. Dark Energy terms are therefore
necessary conditions for the acceleration to occur. A straightforward calculation shows that the
sufficient condition q(z = 0) < 0 requires
2Ω0,0 −
(dΣ0
dz
+
dΣM
dz
)
z=0
> ΩM,0 +Ωm,0 + 2Ωrad,0 (3.27)
which is clearly satisfied in the ΛCDM Model and in all models described in this work. The joint
dynamics of gravity and thermodynamics thus naturally explains the decelerated and accelerated
periods of the expansion of the Universe and confirms that the equation of state of the Dark Energy
is w0 = −1 and that of Dark Matter is wM = 0 at all z.
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D. The self-consistency of the General theory and its extension
In the General theory the non-standard terms ΣM and Σ0 of the Dark Matter and Dark Energy
are not independent. Using the integral form (3.14) the expression (3.22) for Dark Energy reads
Σ0(z) = − 8πG
3c2H20
a(t)∫
aα
dµ(a)
da
n
a3
da (3.28)
Then from (3.23) follows the relation
dΣ0
da
= −
(a0
a
)3 dΣM
da
(3.29)
This important relation between Dark Matter and Dark Energy is central to the proof of the
self-consistency of the General theory and its extension.
We extend the Hubble function (3.18) by a new term analogous to the atomic matter term but
with a non-zero equation of state wr
H˜2 = H2 +H20Ωr,0(1 + z)
3(1+wr) (3.30)
To test the self-consistency of the General theory and its extension we consider two different forms
of the total equation of state
w =
p¯
ρ¯
=
−ρ0 + wrρr + 13ρrad
ρ¯
(3.31)
With deceleration parameter q given by (3.25) they read
w(1) = −1
3
(
1− 2q
)
=
1
3H˜2
{
−3H˜2 + (1 + z)dH˜
2
dz
}
(3.32)
w(2) =
H20
H˜2
{
−(Ω0,0 +Σ0) + wrΩr,0(1 + z)3(1+wr) + 1
3
Ωrad,0(1 + z)
4
}
(3.33)
The theory is self-consistent when the ratio W0 =
w(1)
w(2) = 1. The calculation of w(1) yields
w(1) =
H20
3H˜2
{dΣ0
dz
+ (1 + z)3
dΣM
dz
}
+ w(2) (3.34)
The relation (3.29) implies that w(1) = w(2) so that the Extended General theory is self-consistent
with W0 = 1.
Finally we examine whether the Dark Energy and Dark Matter terms Ω˜0 = Ω0,0 + Σ0 and
Ω˜M = (1+z)
3
[
ΩM,0+ΣM
]
in (3.18) can arise from a homogeneous and isotropic energy momentum
stress tensor T µν . The conservation of energy T 0ν,ν = 0 implies [27]
dρ
dt
+ 3H(ρ+ p) = 0 (3.35)
Integrating this equation using dt = − dz(1+z)H we find
ρ(z) = ρ0 exp
[ z∫
0
3(1 +w)
1 + z′
dz′
]
(3.36)
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where w = w(z) = p(z)/ρ(z). For Dark Energy we set w = w0(z) = w0(0) + ξ0(z) = −1 + ξ0(z)
and for Dark Matter w = wM (z) = wM (0) + ξM (z) = ξM (z) to obtain
Ω˜0(z) = Ω0,0 +Ω0,0
{
exp
[ z∫
0
3ξ0
1 + z′
dz′
]
− 1
}
= Ω0,0 +Σ0 (3.37)
Ω˜M (z) = (1 + z)
3
(
ΩM,0 +ΩM,0
{
exp
[ z∫
0
3ξM
1 + z′
dz′
]
− 1
})
= (1 + z)3
[
ΩM,0 +ΣM
]
(3.38)
The new terms Σ0 and ΣM arise from the dependence of the equations of state w0(z) and wM (z)
of Dark Energy and Dark Matter on the redshift z. To satisfy the condition (3.29) we require
that ξ0 = −(1 + z)3ξM . However the terms w(1) and w(2) are now related by w(2) = w(1) +
ξ0Ω˜0(z) + ξM Ω˜M (z). The simple form of the homogeneous and isotropic T
µν is consistent with
the Friedmann equatiions only when ξ0 = ξM = 0 which implies Σ0 = ΣM = 0, meaning that the
chemical potential µ = const.
To undestand this apparent inconsistency we recall that a process in which no heat is exchanged
is called adiabatic process [31]. It is described by the First Law dU = −pdV , i.e. by the same
equation (3.27) as the conservation of the energy of the energy-momentum stress tensor. Since the
entire Universe is an isolated system it both exchanges no heat and conserves its energy. So it is
appropriate to describe this fact by treating the cosmic fluid as perfect fluid as well as an adiabatic
system. Dark Energy and Dark Matter constantly exchange their Landauer heat of their quantum
information entropy. This process is described by the non-adiabatic form of the First Law in the
next Section. The adiabatic form of the energy conservation by T µν given by (3.27) does not need
to apply to the interacting non-adiabatic components of the Universe just because it does apply to
the non-interacting entire Universe.
IV. ENTROPIC THEORY OF THE HUBBLE FUNCTION.
A. Euler’s equations for the four components of the Universe
At first we shall assume there are four components of the Universe corresponding to Dark
Energy, Dark Matter, atomic matter and radiation. Originally Dark Matter and Dark Energy
were discovered by the observations of the motions of the galaxies, stars and the supernova. The
general solution (3.18) for the Hubble function naturally leads to the concepts of Dark Energy and
Dark Matter theoretically represented by the terms Ω0,0 + Σ0(z) and (1 + z)
3
(
ΩM,0 + ΣM (z)
)
,
respectively. Entropic theory is an extension of the Thermodynamics of the Universe which assumes
that all components of Universe are thermodynamical systems governed by independent Euler’s
equations subject to the conservation of the total entropy S and total particle number N . The
Euler equation (3.5) can be written for each component k = 0,M,m, rad
ρk + pk = (1 + wk)ρk =
kT
V
Sk +
µk
V
Nk (4.1)
where wk are equations of state. The First Law equations and the Gibbs-Duhem relations read
dρk
dt
+ 3Hρk = −3Hpk + kT
V
dSk
dt
+
µk(t)
V
dNk
dt
(4.2)
dpk
dt
= k
dT
dt
Sk(t)
V
+
dµk
dt
Nk(t)
V
(4.3)
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Adding these equations we find
dρ¯
dt
+ 3Hρ¯ = −3Hp¯+
rad∑
k=0
{kT
V
dSk
dt
+
µk
V
dNk
dt
}
(4.4)
dp¯
dt
= k
dT
dt
rad∑
k=0
Sk(t)
V
+
rad∑
0
dµk
dt
Nk(t)
V
(4.5)
The consistency of (4.4) with the continuity equation (2.11) requires
rad∑
k=0
{kT
V
dSk
dt
+
µk
V
dNk
dt
}
=
kT
V
dS
dt
+
µ
V
dN
dt
= 0 (4.6)
The consistency of (4.5) with the Gibbs-Duhem relation (3.9) requires
rad∑
k=0
Sk(t) = S,
rad∑
k=0
dµk
dt
Nk(t) =
dµ
dt
N (4.7)
where N is the total number of particles in the Universe N =
rad∑
k=0
Nk(t). We assume that the
Universe is an isolated system in an equilibrium with S = const and N = const. The quantum
information nature of the entropies S0 and SM of Dark Energy and Dark Matter is discussed in
the Section V.
B. Special Entropic theory for the energy densities and the General theory
The general solutions of the entropic equations (4.2) from the First Law are given by (3.3) and
read
ρk(t) =
(a(t0)
a(t)
)3(1+wk)[
ρk(t0) +
t∫
t0
( a(t′)
a(t0)
)3(1+wk){kT
V
dSk
dt
+
µk
V
dNk
dt
}
dt′
]
(4.8)
where wk are again equations of state. The first terms in (4.8) are the Standard Model terms. The
second terms in (4.8) are entropic terms given by the entropic integrals
Ik(t, t0) =
3c2H20
8πG
Σk(t, t0) =
t∫
t0
( a(t′)
a(t0)
)3(1+wk){kT
V
dSk
dt′
+
µk
V
dNk
dt′
}
dt′ (4.9)
With normalized and unnormalized fractional energy densities Ωk and Ω˜k defined, respectively, by
Ωk =
H20
H2
Ω˜k =
8πG
3c2H2
ρk (4.10)
we can write the equations (4.8) in the form
Ω˜0(z) = (1 + z)
3(1+w0)
[
Ω0,0 +Σ0(z)
]
(4.11)
Ω˜M(z) = (1 + z)
3(1+wM )
[
ΩM,0 +ΣM(z)
]
(4.12)
Ω˜m(z) = (1 + z)
3(1+wm)
[
Ωm,0 +Σm(z)
]
(4.13)
Ω˜rad(z) = (1 + z)
3(1+wrad)
[
Ωrad,0 +Σrad(z)
]
(4.14)
(4.15)
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The Hubble function is given by
H2(z) = H20
rad∑
k=0
Ω˜k(z) (4.16)
Next we identify the General theory with the Entropic theory and set
ΣM =
8πG
3c2H20
(µ(a)− µ(a0)) n
a30
=
8πG
3c2H20
a∫
a0
( a′
a0
)3kT
V
dSM
da
(4.17)
Σ0 = − 8πG
3c2H20
a∫
a0
dµ(a)
da
n
a3
da =
8πG
3c2H20
a∫
a0
kT
V
dS0
da
From both relations we obtain
dµ
da
n
a3
= −kT
V
dS0
da
=
kT
V
dSM
da
(4.18)
which implies dS0
da
+ dSM
da
= 0 or S0(t)+SM (t) = S
′ = const. We can write the mass term in (3.18)
in the form that separates Dark Matter and atomic matter
(1 + z)3
[
ΩMm,0 +ΣMm(z)
]
= (1 + z)3
[
ΩM,0 +ΣM (z)
]
+ (1 + z)3
[
Ωm,0 +Σm(z)
]
(4.19)
Comparison with the general solution (3.18) for the Hubble function shows that the equations of
states predicted by the joint theory of gravity and Thermodynamics are w0 = −1, wM = wm = 0
and wrad =
1
3 for all z.
In general entropic theory the solutions (4.1) and (4.8) for the energy densities ρk depend on
three unknown functions Sk(t), µk(t) and Nk(t). As a result the theory is not tractable and must
be simplified using physically justified assumptions.
(1) We shall assume that Dark Energy and Dark Matter have a constant total number of their
particles (quanta) N0 = const, NM = const. These particles are immutable: they do not transform
into each other nor into the particles of the atomic matter or radiation. However these particles
do change internally with the evolution of the Universe which leads to their non-zero chemical
potentials µ0(t) and µM (t). In contrast, atomic particles and particles of the radiation like photons
and neutrinos do interact. As the result it is their sum that is constant Nm(t) +Nrad(t) = N
′′ =
const.
(2) Next we shall assume that there are no transfers of the entropy between the dark and visible
sectors. This means that S0(t) + SM (t) = S
′ = const and Sm(t) + Srad(t) = S′′ = const.
(3) Assuming (1) and (2) it then follows from (4.6) that
(kT
V
dSm
dt
+
µm
V
dNm
dt
)
+
(kT
V
dSrad
dt
+
µrad
V
dNrad
dt
)
= 0 (4.20)
Based on the comparison of (4.13) and (4.14) with the general solution (3.18) we assume Σm =
Σrad = 0 so that
Σm =
kT
V
dSm
dt
+
µm
V
dNm
dt
= 0 (4.21)
Σrad =
kT
V
dSrad
dt
+
µrad
V
dNrad
dt
= 0 (4.22)
13
With these three assumptions the final form of the entropic equations (4.2) in our fits reads
dρ0
dt
=
kT
V
dS0
dt
(4.23)
dρM
dt
+ 3HρM =
kT
V
dSM
dt
dρm
dt
+ 3H(1 +wm)ρm = 0
dρrad
dt
+ 4Hρrad = 0
Since w0 = −1 then ρ0(t) = −p0(t) at all t. The solutions of these entropic equations then are
ρ0(t) = ρ0,0 +
t∫
t0
kT
V
dS0
dt
= −p0(t) (4.24)
ρM (t) =
(a(t0)
a(t)
)3[
ρM,0 +
t∫
t0
( a(t′)
a(t0)
)3 kT
V
dSM
dt
]
ρm(t) =
(a(t0)
a(t)
)3(1+wm)
ρm,0
ρrad(t) =
(a(t0)
a(t)
)4
ρrad,0
The terms ρm(t) and ρM (t) play a dual role in our fits to the Hubble data [18]. For wm = 0 there
is no ”residual” matter term and the terms ρm(t) and ρM (t) represent atomic matter and Dark
Matter, respectively. For wm = wr = −13 the terms ρm(t) and ρM (t) represent the ”residual”
matter term and the combined Dark Matter + atomic matter term, respectively, in the extended
Hubble function (3.30).
These solutions must satisfy the cyclicity conditions H(tα) = H(tω) = 0 at the turning points
tα = 0 and tω = T/2. It follows from (2.9) that these cyclicity conditions are satisfied when
ρ¯(tα) =
rad∑
k=0
ρk(tα) = 0 (4.25)
ρ¯(tω) =
rad∑
k=0
ρk(tω) = 0
We shall refer to the equations (4.22) and (4.23) as the Special Entropic model.
C. Solutions for the entropies from the Gibbs-Duhem relations
We now turn to solutions for the entropies Sk from the Gibbs-Duhem relations (4.3). For Dark
Energy p0 = −ρ0 so that dp0dt = −kTV dS0dt . We also have dTdt = −HT and dS0dt = aH dS0da , dµ0dt = aH dµ0da .
Then the Gibbs-Duhem relation (4.3) for Dark Energy takes the form
dS0
da
− 1
a
S0 = −N0
kT
dµ0
da
(4.26)
This equation can be integrated using (3.3) and then (3.9) to obtain
S0(a) =
a
a0
[
S0(a0) +
a0N0
kT0
µ0(a0)− µ0(a)
a0
]
(4.27)
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For Dark Matter and atomic matter pM = 0 and pm = 0, respectively. For the radiation prad =
1
3ρrad and
dprad
dt
= −43Hρrad. Then the Gibbs-Duhem relations (4.3) for Dark Matter, atomic
matter and radiation give
SM (a) =
( a
a0
)2a0NM
kT0
dµM
da
(4.28)
Sm(a) =
( a
a0
)2a0Nm(a)
kT0
dµm
da
(4.29)
Srad(a) =
( a
a0
)2a0Nrad(a)
kT0
dµrad
da
+
4
3
ρrad,0V0
kT0
(4.30)
where V0 is the present volume of the Universe.
D. Euler equations for the ”residual” matter
Galaxies are the basic building blocks of the Universe that evolve slowly. In the Section VII.D
we use the kinetics of the space quanta forming such ”static” galaxies to show that they possess
an equation of state Pi = −13 EiVi where Ei and Vi are the energy and volume of the galaxy i,
respectively. Then we show that the entire ensemble of all such ”static” galaxies is described by a
similar equation of state
Pr = −1
3
Er
Vr
= −1
3
ρr (4.31)
where Er, Vr and ρr are the total energy, volume and energy density of the entire ensemble of
Nr galaxies. We refer to this equation of state as the ”residual” matter term and identify the
entire ensemble of the slowly evolving galaxies as the ”residual” matter. This gives the ”residual”
matter a status of a new component of the Universe with the galaxies considered as its constituent
”particles”.
We shall describe this fifth component of the Universe by Euler equations in the form
dρr
dt
+ 3Hρr = −3HPr + 1
V (t)
[
kT (t)
dSr
dt
+ µr(t)
dNr
dt
]
(4.32)
V (t)
dPr
dt
=
[
k
dT
dt
Sr(t) +
dµr
dt
Nr(t)
]
(4.33)
subject to the constraint (4.31) and the requirement that
kT (t)
dSr
dt
+ µr(t)
dNr
dt
= 0 (4.34)
With wr = −13 the solution of (4.32) then reads
ρr(t) = ρr,0
(a0
a
)3(1+wr)
=
(a0
a
)3
ρr,0
( a
a0
)
= ρr,0
(a0
a
)2
(4.35)
Using df(t)
dt
= df(a)
da
da
dt
, adding (4.33) and (4.34) and integrating we find
kT (a)Sr(a) + µr(a)Nr(a) =
2
3
ρr,0V (a0)
( a
a0
)
(4.36)
The total entropy of the Universe is S = S′ + S′′ + Sr = const and its total particle number is
N = N ′ +N ′′ +Nr = const. We require that S′ = S0 + SM = const and S′′ = Sm + Srad = const
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so that Sr = const. Similarly N
′ = N0 + NM = const and N ′′ = Nm + Nrad = const imply
Nr = const. With the present volume of the Universe V (a0) = a
3
0V where V is the comoving
volume of the Universe, we can rewrite (4.36) in the form that defines the ”residual” matter
density ρr(a)
3
2
kT0a0σr
a40
(
a0
a
)4
+
(
a0
a
)3 3
2
nr
a30
µr(a) = ρr,0
(
a0
a
)2
= ρr(a) (4.37)
where the entropy and particle number densities σr =
Sr
V and nr =
Nr
V are constants.
We now show that with some redefinitions of the Dark Matter and radiation terms in the Hubble
function (3.18) we recover the l.h.s. of the equation (4.37) and thus introduce the ”residual” matter
term directly into the Huble function. Carrying out the integration of (3.4) for H2 with p¯ given
by (3.16) and using the relation (3.17) we find the ”raw” form of the Hubble function
H2(a) = H20
{(
8πG
3c2H20
)[
−p¯0 + kT0a0σ
4a40
+
n
2
dµ(η(a))
da
(
1
a2
− 1
a20
)]
(4.38)
+
(
a0
a
)3{
1 +
(
8πG
3c2H20
)[
p¯0 − kT0a0σ
a40
+
n
a30
(
µ(a)− µ(a0)
)]}
(4.39)
+
(
8πG
3c2H20
)
3
4
kT0a0σ
a40
(
a0
a
)4}
(4.40)
Here σ = SV = const and n =
N
V = const are the total entropy and total particle number densities.
We can write the two relevant terms in (4.39) and (4.40) in the form with an obvious notation
n
a30
(
µ(a)− µ(a0)
)
=
nM
a30
(
µM (a)− µM(a0)
)
+
3nr
2a30
(
µr(a)− µr(a0)
)
(4.41)
3
4
kT0a0σ
a40
(
a0
a
)4
=
3
4
kT0a0σrad
a40
(
a0
a
)4
+
3
2
kT0a0σr
a4
(4.42)
where σ = σrad + 2σr. In general there is no simple relation between n, nM and nr. Assuming
n = nM +
3
2nr implies the identities µM(a) = µr(a) ≡ µ(a). Next we define ΩMm,0 = ΩM,0 +Ωm,0
where
ΩMm,0 = 1− Ω0,0 − Ωrad,0 − Ωr,0 (4.43)
Ω0,0 =
(
8πG
3c2H20
)[
−p¯0 + kT0a0σ
4a40
]
(4.44)
Ωrad,0 =
(
8πG
3c2H20
)
3
4
kT0a0σrad
a40
(4.45)
Ωr,0 =
(
8πG
3c2H20
)[
3
2
kT0a0σr
a40
+
3
2
nr
a30
µr(a0)
]
(4.46)
Combining the a-dependent ”residual” matter terms in (4.41) and (4.42) and using the result (4.37)
with (4.35) we obtain the ”residual” matter term in the Hubble function (3.18)
Ωr(z) = Ωr,0(1 + z)
3(1+wr) (4.47)
It is noteworthy that in our best fits of this extended Hubble function to the Hubble data we take
Ωr,0 = Ωm,0 where Ωm,0 is the atomic matter term in fits with the ”residual” matter term absent.
Both fits yield identical χ2/dof [18].
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V. QUANTUM INFORMATION THEORY OF THE UNIVERSE
A. Quantum Universe and its quantum spacetime
Thermodynamics is a framework to describe how any system of very large numbers of individual
contituent particles behave. We describe all four components of the Universe by Euler’s equations.
We thus implicitely assume that not only the atomic matter and radiation but also Dark Energy
and Dark Matter have quantum structure consisting of distinct particles (quanta) of Dark Energy
and Dark Matter, respectively.
The total entropies of the dark and visible sectors are both conserved during the evolution
of the Universe. From the quantum point of view Dark Energy and Dark Matter ineract but
form an isolated quantum system undergoing unitary evolution. Similarly the atomic matter and
radiation interact but form an isolated quantum system undergoing unitary evolution. The internal
quantum interactions within these two quantum systems are not gravitational interactios. These
two quantum systems are coupled by gravitational interactions described by the Einstein’s theory
of gravity, specifically by the Friedmann equations. Supplemented by the Euler’s equation they
predict the existence of Dark Energy and Dark Matter in the Hubble function (3.18).
Our direct observations suggest that the Universe consists of Space, atomic matter and radiation.
This leads us to identify the dark sector of Dark Energy and Dark Matter with the Space itself.
Then Space has a quantum structure and its constituents are the constituents of Dark Energy and
Dark Matter. Standard Model of particle physics describes the quantum structure of the visible
sector. In this Section we formulate an entropic model of the quantum structure of the dark sector.
The homogeneous and isotropic background spacetime of the Cyclic Universe is a periodic
gravitational wave gµν(~x, t) given by the Robertson-Walker metric (2.1) with a periodic nonsingular
scale factor 0 < amin ≤ a(t) ≤ amax <∞. According to the principle of particle-wave duality this
spacetime has a quantum structure. We model the spacetime quanta as two-qubit quantum states
of two massless gravitons with two helicities | ± 2 >. A short review of two-qubit quantum states
is given in the Appendix B and an important pedagogical review is given in Ref. [25].
All space quanta carry quantum information entropy [22–24]. The entangled quanta form Dark
Energy while the non-entangled quanta form Dark Matter. While all quanta of Dark Energy carry
quantum information entropy and entanglement entropy [24], all possible non-entangled quanta
form Dark Matter. The entangled states of Dark Energy are non-local states that violate Bell
inequality [20, 21].
Let n(t, ρλ) be the probability distribution of the entangled states ρλ at the time t. Then the
expression
ρλ(t) =
∫
ME
dµ(ρλ)n(t, ρλ)ρλ (5.1)
defines the average quantum state of Dark Energy at the time t assuming a measure dµ(ρλ) on the
subspace of entangled states ME.
The average entropy and the average entangement of space quanta forming the Dark Energy
are given by the entropy and entanglement of the quantum state ρλ(t). This state is closely related
to the scale factor a(t) and the Robertson-Walker (RW) metric in cartesian coordinates (2.1). In
the Fano basis the state ρλ(t) =
3∑
µ,ν=0
tµνσ
µ ⊗ σν is a density matrix given by
t00 = 1, t11 = t22 = t33 = −a¯(t)2 (5.2)
ti0 = t0j = 0, tij = 0, i 6= j
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where a¯(t) = a(t)
amax
is the normalized scale factor. In the computational basis the nonzero compo-
nents of ρλ(t) =
11∑
mn=00
11∑
m′n′=00
pmn,m′n′ |mn >< m′n′| are given by
p00,00 = p11,11 =
1
4
(1− a¯(t)2) (5.3)
p01,01 = p10,10 =
1
4
(1 + a¯(t)2)
p01,10 = p10,01 = −1
2
a¯(t)2
The quantum information entropy Σλ(t) carried by the state ρλ(t) is given by von Neumann entropy
S(ρ) = −Tr(ρ log ρ) [22–24]
Σλ(t) =
−1
2 ln 2
(
(1− a¯2) ln(1− a¯2) + (1 + a¯2) ln(1 + a¯2)− 2a¯2 ln(1
2
a¯2)− 4 ln 2
)
(5.4)
The entanglement content of the state ρλ(t) is measured by the relative entropy of entanglement
given by [24]
ΣE(t) = min
σ∈MS
S(ρλ(t)||σ) = S(ρλ(t)||σ(t)) (5.5)
where S(ρλ(t)||σ(t)) = +Tr(ρλ(t) log ρλ(t)) − Tr(ρλ(t) log σ(t)) = −Σλ(t)− Tr(ρλ(t) log σ(t)) > 0
is relative entropy and σ(t) is the separable state nearest to the state ρλ(t). It is defined by
Tr(ρλ(t) log σ(t)) = min
σ∈MS
Tr(ρλ(t) log σ). MS is the subspace of separable states in the space of
all two-qubit states M.
All possible separable (non-entangled) space quanta ρµ form Dark Matter with entropies S(ρµ).
Let p(t, ρµ) be the probability distribution of the separable states ρµ at the time t. Then the
expression
ρµ(t) =
∫
MS
dµ(ρµ)p(t, ρµ)ρµ (5.6)
defines the average quantum state of Dark Matter at the time t assuming a measure dµ(ρµ) on the
subspace of separable states MS . This state carries a von Neumann entropy Σµ(t).
It is customary to calculate the von Neumann entropy S(ρ) = −Tr(ρ log ρ) for the diagonal form
ρ′ = diag(λi) of the state ρ where λi, i = 1, N are its non-zero eigenvalues. In this form the von
Neumann entropy reads S(ρ′) = −
N∑
i=1
λi log λi and it is invariant under unitary transdormations.
We have chosen to evaluate the entropy Σλ(t) of Dark Energy using the general definition of the
entropy S(ρ) = −Tr(ρ log ρ).
Only atomic matter and radiation can interact to change their particles with a change of particle
numbers subject to Nm(t)+Nrad(t) = N
′′. Since N0 and NM are constant and the quanta of Dark
Energy and Dark Matter are of two distinct kinds, Dark Energy and Dark Matter do not engage
in mutual interactions or interactions with the atomic matter and radiation that would change
their particle kind. However Dark Energy and Dark Matter do engage in entropy transfers that
co-evolve their entropies. This interaction of Dark Energy and Dark Matter is described by the
relation (3.29).
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B. Quantum duality relations for Dark Energy and Dark Matter on cosmological scales
Dark Energy and Dark Matter are two distinct gravitational fields that cannot be detected by
particle interactions of the Standard Model of particle physics. However, since these gravitational
fields are two different forms of Space and the Space is a ”material” component of the Universe, they
should be both represented as two distinct terms in the Hubble function describing the evolution
of the Universe. The Hubble function (3.18) of our General theory is such a Hubble function.
The dual fields hEµν and h
M
µν of Dark Energy and Dark Matter both emerge from the quantum
structure of the spacetime by quantum duality relations that define these fields. Baryonic matter
(atomic matter and the radiation) is the source of gravitational field hBµν and its relation to the
quantum structure of spacetime is described by duality relations derived from the duality relations
of Dark Matter and Dark Energy.
In general, Dark Matter quantum states ρµ are described by a non-homogeneous probability dis-
tribution p(~x, t, S) of their quantum information entropy S. Gravity dual of Dark Matter quantum
states ρµ is the gravitational field g
M
µν defined by
gMµν = g
(0)
µν + h
M
µν (5.7)
The fields hMµν are generated by Fisher information metric F
M
µν of the probability distribution
p(~x, t, S). The Fisher metric is defined by [26]
FMµν (~x, t) = r
2
0
2∫
0
dSp(~x, t, S)
∂ ln p(~x, t, S)
∂xµ
∂ ln p(~x, t, S)
∂xν
(5.8)
where r0 is a scale parameter and x
0 = ct. Then the fields hMµν read
hM00(~x, t) = F00(~x, t) (5.9)
hM0j (~x, t) = a(t)F0j(~x, t)
hMij (~x, t) = a
2(t)Fij(~x, t)
The relations (5.8) and (5.9) constitute the quantum duality relations of Dark Matter.
Gravity dual of Dark Energy quantum states ρλ is the gravitational field g
E
µν defined by
gEµν = g
(0)
µν + h
E
µν (5.10)
The fields hEµν are generated by the Fisher information metric F
E
µν of a probability distribution
of variable(s) describing the quantum states ρλ. In general, Dark Energy quantum states ρλ
are described by a non-homogeneous probability distribution n(~x, t, S, SE) of their quantum in-
formation entropy S and entanglement entropy SE but the variables S and SE are not inde-
pendent variables. They are related by the relation [24] SE(ρλ) + S(ρλ) = χ(ρλ) ≥ 0 where
χ(ρλ) = Tr(ρλ log σρ) = min
σ∈MS
Tr(ρλ log σ) and σρ is the separable state closest to the state ρλ.
The distribution of Dark Energy n(~x, t, S, SE) shows explicitely the dependence on both variables
S and SE but at the expense that the Fisher metric is a double integral with the integration over
SE in the ill defined interval [SE(S)] of values of SE for a fixed value of S. However, for each
SE ∈ [SE(S)] there is a unique value of the variable χ = SE + S ≥ 0. This means that the proba-
bily distribution n(~x, t, S, SE) is fully equivalent to a single variable distribution q(~x, t, χ). This in
turn means that we can write the Fisher metric of Dark Energy in the form
FEµν(~x, t) = r
2
0
χm∫
0
dχq(~x, t, χ)
∂ ln q(~x, t, χ)
∂xµ
∂ ln q(~x, t, χ)
∂xν
(5.11)
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where χm = Max(χ). The quantum duality relations for Dark Energy then read
hE00(~x, t) = F
E
00(~x, t) (5.12)
hE0j(~x, t) = a(t)F
E
0j(~x, t)
hEij(~x, t) = a
2(t)FEij (~x, t)
In general the fields hEµν and h
M
µν may not be small and the approximations |hEµν | ≪ 1 and |hMµν | ≪ 1
may not apply.
For the homogeneous and isotropic spacetime we specify the fields gEµν(~x, t) and g
M
µν(~x, t) in the
Section VIII. Einstein’s equations applied separately for the fields gEµν and g
M
µν define their energy-
momentum stress tensors TEµν(~x, t) and T
M
µν (~x, t), respectively. Recall that the energy-momentum
stress tensor TRWµν (~x, t) associated with the Robertson-Walker metric g
RW
µν (~x, t) has the form [27]
TRWµν (~x, t) : T
RW
00 = ρ(t), T
RW
i0 = 0, T
RW
ij = p(t)gij(~x, t) (5.13)
where gij(~x, t) are the spatial components of the Robertson-Walker metric given by (2.1). The
energy-momentum stress tensors TEµν and T
M
µν have a similar form discussed in the Section IX.
C. Dark Energy and Dark Matter in a local inertial frame
1. The prediction of the ”residual” matter with wr = − 13
In a local inertial frame with Minkowski metric Einstein equations in the linear approximation
read [28]
G00 = 2∇2Ψ+ ∂k∂ℓskℓ = 8πG
c2
T00 (5.14)
G0j = −1
2
∇2wj + 1
2
∂j∂kw
k + 2∂0∂jΨ+ ∂0∂ks
k
j =
8πG
c2
T0j
Gij = (δij∇2 − ∂i∂j)(Φ −Ψ) + δij∂0∂kwk − ∂0∂(iwj) + 2δij∂20Ψ
−(−∂20 +∇2)sij + 2∂k∂(iskj) − δij∂k∂ℓskℓ =
8πG
c2
Tij
whereGµν is the Einstein tensor and sij =
1
2(hij− 13δklsklδij). The trace over the spatial components
is given by
TrGij = 2∇2(Φ−Ψ)− ∂0∂iwi + 6∂20Ψ− ∂k∂ℓskℓ =
8πG
c2
TrTij (5.15)
The general form of the momentum-energy stress tensor is given by [35]
T00 = ρ (5.16)
T0j = ∂ju+ uj
Tij = pδij +
(
∂i∂j − 1
3
∇2)σ + ∂ivj + ∂jvi +Σij
The vector and tensor components satisfy the constraints
∂iui = 0, ∂ivi = 0 (5.17)
∂iΣij = 0, Σii = 0
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From the conservation of the energy ∂µTµν = 0 follow additional constraints
∇2u = ρ˙ (5.18)
∇2σ = 3
2
(
u˙− p)
∇2vi = 2u˙i
Notice that T00 = ρ and TrTij = 3p.
In the linear approximation the fields |hMµν | ≪ 1 and |hEµν | ≪ 1 and can be expressed in terms
of the gravitational potentials. Then the perturbations hMµν read [28, 34]
hM00(~x, t) = F00(~x, t) = −2ΦM (5.19)
hM0j (~x, t) = a(t)F0j(~x, t) = aw
M
j
hMij (~x, t) = a
2(t)Fij(~x, t) = a
2
(−2ΨMδij + 2sMij )
where ΨM = −16TrhMij and sMij is traceless. Relations for Dark Energy are similar.
Consider a local region R in this frame of a free space devoid of Baryonic matter, such as a cosmic
void. The local Dark Matter hMVµν and Dark Energy h
EV
µν are given by (5.9) and (5.12),respectively,
with a(t) = 1. Using the Einstein equations (5.14) these two fields define local energy-momentum
stress tensors TMVµν and T
EV
µν .
Next, consider the same region of space filled with Baryonic matter such as a galaxy, a cluster or
even a supercluster of galaxies. The presence of the Baryonic matter will displace the probability
distributions p → p′ and q → q′ leading to new fields hMBµν and hEBµν of Dark Matter and Dark
Energy which define new energy-momentum tensors TMBµν and T
EB
µν .
The spatial traces of TMVµν and T
EV
µν are equal to the pressure terms 3p
MV and 3pEV while the
00 components of these tensors define energy the densities ρMV and ρEV . Similarly, the spatial
traces of TMBµν and T
EB
µν are given by the pressure terms 3p
MB and 3pEB while the 00 components
of these tensors define the energy densities ρMB and ρEB.
Consider now static distributions p and p′ of Dark Matter on such galactic scales. Then the 00
and 0j components of the fields hMVµν and h
MB
µν are all equal to zero. The Einstein equations (5.15)
then imply in both these cases that TrGij = −G00 so that TrTij = −T00. Hence we have
pMV = −1
3
ρMV (5.20)
pMB = −1
3
ρMB
The equations of state for both these cases are equal to wr = −13 . Similarly we find for the Dark
Energy on the same galactic scales
pEV = −1
3
ρEV (5.21)
pEB = −1
3
ρEB
For r →∞ we expect vanishing volume averages for radially symmetric galaxies
< ρMB >=< pMB >= 0 (5.22)
Similarly the other averages to vanish in this limit. Thus there are no cosmological contributions
with equations of state −13 from such Dark Matter and Dark Energy. However, the real galaxies
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are finite in their extent and may not be radially symmetric. Then for k = MB,EB the volume
averages do not exactly vanish and their residuals are given by
< pk >= −1
3
< ρk > (5.23)
On cosmological scales these contributions from Dark Matter and Dark Energy on galactic systems
combine (see equations (7.29) and (7.30)) to produce a cosmological ”residual” matter with the
density
ρr(t) = ρr,0
(a(t0)
a(t)
)3(1+wr)
= ρr,0(1 + z)
3(1+wr) = ρr,0(1 + z)
2 (5.24)
with the equation of state wr = −13 . This term originates entirely from the presence of the Dark
Matter and Dark Energy. This result is a unique prediction of our model of the quantum structure
of spacetime that is testable in fits to the Hubble data H(z). The fits confirm its existence and
suggest that ρr,0 = ρm,0 [18].
2. The prediction of the negative spatial curvature
Because the definition of the Hubble parameter involves only the scale factor and not the
curvature parameter R0 in the RW metric, the curvature term is absent in the Friedmann equations
(2.9) and (2.10). We can still define fractional curvature density Ωc(t) = ρc(t)/ρ¯(t) so that
Ωc,0 =
−kc2
R20H
2
0a
2
0
(5.25)
where a0 = a(t0). The new term ρr(z) = ρr,0(1 + z)
2 in (5.24) is akin to the curvature term
ρc(z) = ρc,0(1 + z)
2 with k = −1. Since the Hubble function does not depend on the curvature
term ρc(z), the new term ρr(z) is distinct from ρc(z). Since ρr(z) mimics ρc(z) it can be interpreted
as a curvature of the space internally generated by Dark Matter and Dark Energy additional to
the spatial curvature ρc(z) of the RW metric. It is this internal curvature ρr(z) that contributes
to the Hubble function and thus participates in the evolution of the Universe while the external
curvature ρc(z) does not participate.
The consistency of the internal curvature ρr(z) and the external curvatures ρc(z) requires that
they have the same sign. The positivity of ρr(z) then suggests that Hubble data select k = −1.
This means the spacetime of our Universe is anti-de Sitter spacetime with the curvature density
Ωc,0 > 0. This is another prediction of our model of the quantum structure of spacetime which is
testable in fits of the Hubble function to luminosity distance or angular diameter distance data.
3. The implications of negative spatial curvature for cosmological parameters
The predicted positivity of the curvature density Ωc,0 has significant observable consequences
for the cosmological parameters Ω0,0 and ΩMm,0 of Dark Energy and Dark Matter. The luminosity
distance dL(z) is given by the relation which explicitely depends on Ωc,0[27, 28]
dL(z) = (1 + z)
1√|Ωc,0|Sk
[√
|Ωc,0|
z∫
0
dz′
H(z′)
]
(5.26)
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where Sk(χ) = sin(χ), χ, sinh(χ) apply to closed, flat and open geometry with k = +1, 0,−1,
respectively. The luminosity distance relation is a direct consequence of the homogeneity and
isotropy of the spacetime [28]. Taking the first and second derivatives of dL(z) and combining the
results we find a linear differential equation for H2 with a solution for Ωc,0
Ωc,0 =
H2y
′2 − c2
H20y
2
= const (5.27)
where y(z) = dL(z)1+z and c is the speed of light. This relation was first derived in Ref. [36]. It is
evident from (5.26) and (5.27) that Ωc,0 depends crucially on the choice of the Hubble function
H(z) for the fixed cosmological data on y(z).
It is well known that the fits of the ΛCDM Model to the luminosity distance data are consistent
with Ωc,0 = 0 [7]. The Hubble function of the ΛCDM Model is given by
H2ΛCDM = H
2
0
[
ΩΛ + (1 + z)
3ΩΛMm,0 + (1 + z)
4ΩΛrad,0
]
(5.28)
With H2 = H2ΛCDM in (5.27) we find y
′2 = c
2
H2
ΛCDM
so that (5.27) reads
Ωc,0 =
H2 −H2ΛCDM
H20
(y′
y
)2
(5.29)
The Hubble function H2(z) in the Entropic Model has a general form
H2 = H20
[
Ω0,0 + (1 + z)
3
(
ΩMm,0 +Ωr,0
)
+ (1 + z)4Ωrad,0 +Σ0 + (1 + z)
3ΣM
]
(5.30)
At z = 0 both Hubble functions coincide H2 = H2ΛCDM = H
2
0 . Neglecting the same or very similar
small terms Ωrad,0 and Ω
Λ
rad,0 [37, 38] we have a condition
Ω0,0 +ΩMm,0 +Ωr,0 = ΩΛ +Ω
Λ
Mm,0 (5.31)
Then at small z the condition Ωc,0 > 0 implies
H2 −H2ΛCDM = 3z
(
ΩMm,0 +Ωr,0 − ΩΛMm,0
)
+Σ0 + (1 + 3z)ΣM > 0 (5.32)
Integrating the condition (3.29) at small z using (3.13) we obtain∫ (dΣ0
dz
+ (1 + 3z)
dΣM
dz
)
dz = Σ0(z) + (1 + 3z
′)ΣM (z) = 0 (5.33)
where 0 < z′ < z. Then for small z ≈ z′ also Σ0(z) + (1 + 3z)ΣM (z) ≈ 0 and the conditions (5.32)
and (5.31) imply
ΩMm,0 +Ωr,0 > Ω
Λ
Mm,0 (5.34)
Ω0,0 < ΩΛ (5.35)
Because of the presence of the entropic terms Σ0 and ΣM in the entropic Hubble function we expect
the fits to the Hubble data yield ΩMm,0 + Ωr,0 6= ΩΛMm,0 and Ω0,0 6= ΩΛ. The inequalities (5.34)
and (5.35) are specific consequences of Ωc,0 > 0 testable in fits of H
2 to the Hubble data. They
are thus a unique signature of our model of Dark Energy and Dark Matter as gravitational fields
arising from the quantum structure of spacetime in terms of the Fisher metric duality relations.
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D. Quantum duality relations for the Baryonic matter
The Baryonic gravitational field hBµν(~x, t) is sourced by the local energy momentum tensor
TBµν(~x, t). The dual gravitational fields of Dark Energy and Dark Matter constitute the Space. We
can consider the Baryonic gravitational field as its perturbation. The gravitational fields of Dark
Matter and Dark Energy are given by the quantum duality relations relating the two fields to the
quantum structure of the Space. We now seek a duality relation for the Baryonic gravitational
field relating it to its perturbation of the quantum structure of the Space.
In Classical Electrodynamics the macroscopic electromagnetic fields in a free space with no
matter are the electric field ~E and the magnetic field ~B. In the presence of a material medium the
displaced electric field ~D and magnetic field ~H are given by [39]
~D = ~E + 4π ~P , ~P = ~P ( ~E, ~B) (5.36)
~H = ~B + 4π ~M, ~M = ~M ( ~E, ~B) (5.37)
where ~P and ~M are the polarization and magnetization of the material medium, respectively. In
a linear and isotropic medium
~P = χe ~E, ~M = χm ~B (5.38)
where the scalars χe and χm are electric and magnetic susceptibilities of the medium, respectively.
Taking an inspiration from the Electrodynamics we assume
hMBµν = h
MV
µν + 4πPµν , Pµν = χMh
MV
µν (5.39)
hEBµν = h
EV
µν + 4πMµν , Mµν = χEh
EV
µν (5.40)
where we shall assume
χM = χ
0
Mh
B
αβη
αβ , χE = χ
0
Eh
B
αβh
B,αβ , |χE | ≪ |χM | (5.41)
With p′ = p+ δp we find from hMBµν − hMVµν the First quantum duality relation for Baryonic fields
4πPµν = 4πχ
0
Mh
B
αβδ
αβhMVµν (5.42)
= −r20
2∫
0
dS
1
p
δp
p
∂p
∂xµ
∂p
∂xν
+ r20
2∫
0
dS
(
1− δp
p
)1
p
{
∂p
∂xµ
∂δp
∂xν
+
∂δp
∂xµ
∂p
∂xν
+
∂δp
∂xµ
∂δp
∂xν
}
With q′ = q+ δq we find from hEBµν − hEVµν the Second quantum duality relation for Baryonic fields
4πMµν = 4πχ
0
Eh
B
αβh
B,αβhEVµν (5.43)
= −r20
χm∫
0
dχ
1
q
δq
q
∂q
∂xµ
∂q
∂xν
+r20
χm∫
0
dχ
(
1− δq
q
)1
q
{
∂q
∂xµ
∂δq
∂xν
+
∂δq
∂xµ
∂q
∂xν
+
∂δq
∂xµ
∂δq
∂xν
}
We can express the fields hMVµν and h
EV
µν in terms of the Fisher metric integrals and bring the
terms on the l.h.s. of (5.42) and (5.43) to the r.h.s. under the same integrations to obtain integro-
differential equations for δp and δq of the form 0 =
∫
F (~x, t, S)dS and 0 =
∫
G(~x, t, χ)dχ, respec-
tively. Sufficient conditions for these equations to hold at all ~x, t are the differential equations
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F (~x, t, S) = 0 and G(~x, t, χ) = 0 for all values of S and χ, respectively. Assuming that the proba-
bility densities p(~x, t, S) and q(~x, t, χ) of the free space are known, these equations can be solvable
in a linear approximation of δp(~x, t, S) and δq(~x, t, χ) to determine these perturbations from the
given Baryonic gravitational field hBµν . These relations are the Baryonic quantum duality relations.
In principle the distribution functions p(~x, t, S) and q(~x, t, χ) can be inferred from the study of
cosmic voids or from some theoretical principles.
E. Simplified forms of the probabilty distributions of Dark Matter and Dark Energy
The task of solving the duality relation (5.42) for δp in terms of the Baryonic field can be
greatly simplified. The finite range 0 ≤ S ≤ 2 of the entropy of Dark Matter quanta suggests the
probability density p(~x, t, S) is given by the normalized Beta function distribution [40]
p˜(x, α, β) =
1
B(α, β)
xα−1(1− x)β−1 (5.44)
where 0 ≤ x ≤ 1, α > 0, β > 0 and the Beta function
B(α, β) =
Γ(α)Γ(β)
Γ(α+ β)
(5.45)
The expected value and the variance of the random variable X are given by [40]
E(X) =
α
α+ β
(5.46)
V ar(X) =
αβ
(α+ β)2(α+ β + 1)
We set p(~x, t, S) = p(~x, t, 2x) = p˜(x, α, β) and β = 1. With Γ(α + 1) = αΓ(α) and Γ(1) = 1 we
define the normalized probability density
p˜(~x, t, x) = α(~x, t)xα(~x,t)−1 (5.47)
where α(~x, t) ≥ 1 describes the dependence of p(~x, t, S) on the position and time. For α(~x, t) = 1 the
probabilty p˜(~x, t, x) = 1 for all entropy values, including pure states with x = S = 0. Calculating
the derivatives and carrying out the intergrations (see Ref. [49]) we obtain an elegant result for the
duality relation (5.9) (with a(t) = 1)
hMVµν = r
2
0
2
α2
∂α
∂xµ
∂α
∂xν
(5.48)
The perturbation δp¯ = δ
(
αxα−1
)
= δα
α
(1 + lnxα)p¯ defines the Baryonic duality relation. In
this picture the functions α(~x, t) and δα(~x, t) are effectively the quantum structure duals of the
gravitational fields hMVµν (~x, t) and h
B
µν(~x, t), respectively. The expected value of the entropy of the
Dark Matter and its variance are given by
S¯M (~x, t) = 4
α(~x, t)
α(~x, t) + 1
(5.49)
(δSM (~x, t))
2 = 8
α(~x, t)
(α(~x, t) + 1)2(α(~x, t) + 2)
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Next we shall consider a static and radially symmetric probability density p¯(r, x). Then hMV00 =
hMV0j = 0 and P00 = P0j = 0. With the notation A =
r0
α
dα
dr
the duality relations (5.48) and (5.42)
read
hMVij = 2A
2ΩiΩj (5.50)
4πPij = 4πχM2A
2ΩiΩj (5.51)
=
{
2
(
1 + 2
δα
α
)(r0
α
dδα
dr
)2
+ 4A
(r0
α
dδα
dr
)
− 8A2
(δα
α
)
− 16A2
(δα
α
)2
+ 80A2
(δα
α
)3}
ΩiΩj
Here Ω1 = cosφ sin θ, Ω2 = − sinφ cos θ, Ω3 = cos θ where φ, θ are polar coordinates. In the linear
approximation of (5.51) the solution for δα reads
δα =
( α
αi
)2{
δαi + 2π
r∫
ri
(αi
α
)2dα
dr
χM (r)dr
}
(5.52)
For static radially symmetric Baryonic field hBµν = diag(−2Φ,−2Φ,−2Φ,−2Φ) where Φ(r) = −GMr
is the scalar potential [28]. Then χM = −4χ0MΦ and we have a solution for the perturbation
δp(r, S) in terms of the Baryonic field. Notice that |χE | = 16|χ0E |Φ2 ≪ |χM |.
We can write the Fisher metric of Dark Energy in a general form
FEµν(~x, t) = r
2
0
χm∫
0
dχq(~x, t, χ)
∂ ln q(~x, t, χ)
∂xµ
∂ ln q(~x, t, χ)
∂xν
(5.53)
where χm = Max(χ). To render Dark Energy similarly tractable we can define q(~x, t, χ) as a Beta
function distribution
q(~x, t, χ) = q˜(~x, t, x) = β(~x, t)xβ(~x,t)−1 (5.54)
where x = χ
χm
and β > 1. For pure states with x = χ = 0 the probabilty q˜(~x, t, 0) = 0. To
distinguish the Beta fuction of Dark Energy from that of Dark Matter we use the symbol β(~x, t)
to represent the variable α(~x, t) in the definition of the Beta function.
Using Fisher metric (5.53) the gravitational field of Dark Energy is given by (with a(t) = 1)
hEVµν = r
2
0
χm
β2
∂β
∂xµ
∂β
∂xν
(5.55)
The perturbation δq¯ = δ
(
βxβ−1
)
= δβ
β
(1 + lnxβ)q¯ defines the Baryonic duality relation. The
solution for δβ for static and radially symmetric q(r, χ) in linear approximation is given by an
equation similar to (5.52). The expected value and the variance of the variable χ of the Dark
Energy are given by expressions similar to (5.49)
χ¯(~x, t) = χ2m
β(~x, t)
β(~x, t) + 1
(5.56)
(δχ(~x, t))2 = χ3m
β(~x, t)
(β(~x, t) + 1)2(β(~x, t) + 2)
In conclusion, we propose two dual descriptions of the Space:
(1) a microscopic description in terms of the two probability densities p, δp and q, δq
(2) a macroscopic description in terms of the two gravitational fields hEVµν , h
MV
µν and h
EB
µν , h
MB
µν .
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VI. THE TOTAL ENTROPY OF DARK ENERGY AND DARK MATTER.
A. Transformations of the total entropies in the Special Entropic Theory
The total entropy S0(t) of Dark Energy is a functional S0(Σλ(t)) of the entropy Σλ(t). At the
turning points we have
a¯(t = 0) = a¯min > 0 => Σλ(a¯min) = Σλ,max ∼ 2 (6.1)
a¯(t = T/2) = a¯max = 1 => Σλ(a¯max) = Σλ,min = 0
a¯(t = T ) = a¯min > 0 => Σλ(a¯min) = Σλ,max ∼ 2
During the expansion phase the entropy of Dark Energy decreases from S0(Σλ,max) = S0,max = S
′
at t = 0 to S0(Σλ,min) = S0,min = 0 at t = T/2. During the contraction phase it increases back to
S0,max = S
′ at t = T .
Recall that S0(t) + SM(t) = S
′ = const. This relation implies that we can view the total
entropy of Dark Matter also as a functional SM (Σλ(t)). During the expansion entire entropy
S0,max at t = 0 is transfered to Dark Matter the entropy of which increases from SM,min = 0 at
t = 0 to SM,max = S
′ at t = T/2. During the contraction Dark Matter gives it all back to Dark
Energy at t = T to start a new cycle. The cycles are governed by the dependence of Σλ(t) on the
periodic scale factor a(t).
In addition to its quantum information entropy S0(t) Dark Energy carries entanglement entropy
SE(t) = SE(ΣE(t)) arising from the entanglement entropy ΣE(t) of its quantum states ρλ(t). We
relate the entropy SE(t) to the cosmological pressure p0(t) of Dark Energy
− 3Hp0 = kT
V
dSE
dt
(6.2)
Since Dark Matter carries no entanglement its cosmological pressure pM = 0.
It follows from (6.2) that dSE
dt
= 0 at the turning points. Moreover, the pressure p0 = 0 at
t = tp where it changes sign. If during the expansion p0 is negative for t < tp and positive for
t > tp then the entanglement entropy is increasing from some minimum SE,min > 0 at t = t1 < tp
to a maximum SE,max at t = tp and then decreases back to some minimum SE,min > 0 at t =
t2 > tp. The vanishing of SE at the turning points is exluded because Dark Energy quanta must
be entangled. In contrast, the entropy S0 can vanish at t = T/2 indicating entangled pure states.
Similarly the entropy SM can vanish at t = 0 or t = T indicating pure non-entangled states.
Because the total entropy S = S′ + S′′ of the Universe is constant, the total entropy of the
atomic matter and radiation is constant Sm(t) + Srad(t) = S
′′. We can assume that during the
expansion the total entropy of radiation Srad(t) = Srad(ρrad(t)) decreases from its maximum value
Srad,max = S
′′ at t = 0 to its minimum value Srad,min = 0 at t = T/2. At the same time the
entropy of the atomic matter Sm(t) = S
′′ − Srad(t) increases from a minimum Sm,min = 0 at t = 0
to a maximum Sm,max = S
′′ at t = T/2. During the contraction the process is reversed with the
entropy of the atomic matter fully returned to the radiation. This cyclic process mirrors the similar
cyclic process in the dark sector. There is no entropic death of the Universe.
Finally we note that in addition to the entropic equations (4.20) and (4.21) for atomic matter
and radiation, respectively, the relation (4.19) implies a dynamical relation
µm
V
dNm
dt
+
µrad
V
dNrad
dt
= 0 (6.3)
Combining this relation with N ′′ = Nm(t) +Nrad(t) we find a condition (µm − µrad)dNmdt = 0 with
two solutions: (i) µm = µrad and (ii)
dNm
dt
= dNrad
dt
= 0. The first solution implies transformations
27
of the particles of radiation into particles of matter and vice versa during the evolution with
dNm
dt
= −dNrad
dt
associated with the transformations of the entropy dSm
dt
= −dSrad
dt
. There are no
such transformations allowed in the second solution with dNm
dt
= dNrad
dt
= 0 and dSm
dt
= dSrad
dt
= 0.
The second solution is disallowed because the transformations of radiation into atomic matter and
vice versa during the evolution do arise from their particle interactions and particle redshifts (e.g.
neutrinos).
We recognize the terms kTdSk = dQk defining the energy densities in (4.7) as the energy equiv-
alent of the information entropy first proposed by Landauer in 1961 for the erasure of information
in computation processes [41]. Conversion of quantum information entropy of a single quantun
system into energy was recently experimentally confirmed [42, 43]. In our picture the quantum
information of Dark Energy (radiation) is erased during the expansion and stored in the Dark
Matter (atomic matter). During the contraction the process is reversed. The entropy of atomic
matter Sm(t) includes the total entropy of the increasing complexity of its self-organizing struc-
tures [44–46] emerging during the expansion, including chemical evolution and the evolution of
Life and consciousness, and reaching an apex at tω. On a fundamental level the complexity of a
structure and its function is related to the level of its information content and its processing power.
B. Quantum model of the total entropies S0(t) and SM (t)
With the final solutions for the energy densities (4.22) the Hubble function in the Entropic
theory reads
H2 = H20
[
Ω0,0+Σ0(z)+ (1+ z)
3
(
ΩM,0(z)+ΣM (z)
)
+(1+ z)3(1+wm)Ωm,0+ (1+ z)
4Ωrad,0
]
(6.4)
We need to evaluate the entropic terms. Using the relations
kT
V
=
kT (t0)
V (t0)
(a(t0)
a(t′)
)4
= ρT (t0)
(a(t0)
a(t′)
)4
(6.5)
and ΩT,0 =
8πG
3c2H2
0
ρT (t0) we can write the entropic integrals Σk = ΩT,0Jk, k = 0,M where
Jk(t, t0) =
t∫
t0
( a(t′)
a(t0)
)3(1+wk)−4dSk
dt′
dt′ (6.6)
The entropies S0(t)+SM (t) = S
′ = const so that dSM
dt
= −dS0
dt
. To calculate the entropic integrals
J0(z, 0) and JM (z, 0) we shall make use of the linear approximation of Taylor expansion of
dS0
dt
. The
entropy S0(t) is a functional S0(Σλ(t)) of the entropy Σλ(t) of the space quanta of Dark Energy.
Then the part of the integrand in (6.5)
dS0
dt′
dt′ =
dS0
dΣλ
dΣλ
da¯
da¯ (6.7)
where a¯ = a(t)/a(tω). With Σλ given by (5.3) we define Σ˜λ = Σλ − 2. In the approximation of
small a¯ we find
Σ˜λ =
1
ln 2
(
−1
2
a¯4 + 2a¯2 ln a¯− a¯2 ln 2
)
(6.8)
dΣλ
da¯
=
2
ln 2
(
−a¯3 + 2a¯ ln a¯+ a¯(1− ln 2)
)
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From the Taylor expansion for S0(Σλ) at Σλ,0 we find in a linear approximation
dS0
dΣλ
=
dS0(Σλ,0)
dΣλ
+
d2S0(Σλ,0)
dΣ2λ
(
Σ˜λ − Σ˜λ,0
)
= C0 + C1Σ˜λ (6.9)
The entropic integrals then read
J0(z, 0) = a¯
4
0
a¯∫
a¯0
( 1
a¯′
)4[
C0 + C1Σ˜λ
]dΣλ
da¯
da¯ = J0A + J0B (6.10)
JM (z, 0) = a¯0
a¯∫
a¯0
1
a¯′
[
C0 + C1Σ˜λ
]dΣλ
da¯
da¯ = JMA + JMB (6.11)
With the definitions of entropic parameters AT = ΩT,02C0/ ln 2 and BT = ΩT,02C1/(ln 2)
2 we write
for k = 0,M
ΩT,0Jk,A = ATΣk,A, ΩT,0Jk,B = BTΣk,B (6.12)
Then the Entropic Models E are defined by the expressions for Ω˜0(z) and Ω˜M (z)
Ω˜0(z) = Ω0,0 +ATΣ0,A +BTΣ0,B = Ω0,0 +Σ0 (6.13)
Ω˜M (z) = (1 + z)
3
[
ΩM,0 +ATΣM,A +BTΣM,B
]
= (1 + z)3
[
ΩM,0 +ΣM
]
(6.14)
Non-Entropic Models L are defined by AT = BT = 0.
Neglecting the first terms a¯4 and a¯3 in the equations (6.7) the explicit forms of the entropic
integrals Σk,A and Σk,B, k = 0,M read
Σ0A = −((1 + z)2 − 1)2− ln 2 + 2 ln a¯0
2
a¯20 + (1 + z)
2(ln(1 + z))a¯20 (6.15)
Σ0B = −4
3
(ln(1 + z))3a¯40 + (ln(1 + z))
2(1− 2 ln 2 + 4 ln a¯0)a¯40 (6.16)
− ln(1 + z)
[
2 ln a¯0
(
1− 2 ln 2 + 2 ln a¯0
)− ln 2(1− ln 2)]a¯40
ΣMA = +
ln(1 + z)
1 + z
2a¯20 −
z
1 + z
a¯20(1 + ln 2− 2 ln a¯0) (6.17)
ΣMB = −(ln(1 + z))
2
(1 + z)3
4a¯40
3
+
ln(1 + z)
(1 + z)3
a¯40
[8 ln a¯0
3
− 2
9
− 4 ln 2
3
]
(6.18)
−
[ 1
(1 + z)3
− 1.0
]
a¯40
[4
3
(ln a¯0)
2 − 2
3
ln(a¯0)
(1
3
+ 2 ln 2
)
+
2
27
+
ln 2
9
+
(ln 2)2
3
]
We have verified numerically that these integrals satisfy the condition from the definitions (6.5)
dJ0
dz
+ (1 + z)3
dJM
dz
= 0 (6.19)
Finally, an important note on our notations. For wm = 0 ΩM has the meaning of pure Dark
Matter. For wm = wr = −13 ΩM means combined Dark Matter and atomic matter ΩM,m in the
extended Hubble function (3.30).
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VII. KINETIC ORIGIN OF THE EQUATIONS OF STATE OF DARK ENERGY AND
DARK MATTER
A. Space quanta as non-classical particles
The expanding and contracting homogeneous and isotropic spacetime of the Cyclic Universe is
described by the Robertson-Walker (RW) metric. It is a complex standig gravitational wave with
tensor components hij(~x, t) = Sij(~x)a
2(t) defined in (2.1) and a periodic non-singular scale factor
0 < amin ≤ a(t) ≤ amax < ∞. In the next Section we show that on cosmological scales Dark
Matter and Dark Energy are also complex standing waves described by the same scale factor a(t).
We can think of the Cyclic Universe as a periodically expanding and contracting spherical volume
of gas of the space quanta at the temperature T (t). The evolution of the Universe is described
by the entropic equations that determine the components of the Hubble function. The entropic
equations for Dark Energy (k = 0) and Dark Matter (k =M) can be written in the form
dρk
dt
+ 3Hρk = −3Hpk + kT
V
dSk
dt
= −3Hwk(t)ρk = −3HPk (7.1)
where Pk are effective pressures and wk(t) = wk + ξk(t) are dynamical equations of state. Here wk
are the entropic equations of state w0 = −1 and wM = 0, and ξk are the dynamical parameters
ξk(t) = − 1
3Hρk
kT
V
dSk
dt
(7.2)
We now entertain the possibility that space quanta are non-classical particles that have a mass,
relativistic energy and momentum defined in terms of their entropies. What makes the space
quanta non-classical particles is their negative momentum which is an allowed solution of the
equation m2c4 = E2 − |~p|2c2. With mc2 = E
γ(v) this equation reads |~p|2 = E
2
c2
|~v|2
c2
. With positive
energy E it has two solutions
p = +|~p| => p = +E
c
|~v|
c
> 0, classical particles (7.3)
p = −|~p| => p = −E
c
|~v|
c
< 0, non-classical particles
Since space quanta are two-qubit quantum states they do not have the definite spin like elementary
particles.
We start with the definition of the relative entropy of entanglement [24]
SE(ρ) = min
σ∈MS
S(ρ||σ) = −S(ρ) + χ(ρ) ≥ 0 (7.4)
where MS is the space of the separable states, S(ρ||σ) = −S(ρ) − Tr(ρ log σ) ≥ 0 is the relative
entropy, S(ρ) ≥ 0 is the entropy of the state ρ and χ(ρ) = −Tr(ρ log σρ) where σρ is the separable
state nearest to the state ρ. It follows that
SE(ρ) + S(ρ) = χ(ρ) ≥ 0 (7.5)
Our task is to infer the entropic equations of state w0 = −1 for Dark Energy and wM = 0 for
Dark Matter from these entropies at all times as predicted by the joint dynamics of gravity and
thermodynamics in the Section III as well as the dynamical parameters ξ0(t) and ξM (t).
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B. Dark Energy
In the quantum model of Dark Energy we define momentum p(ρ, t), energy E(ρ, t) and the mass
m(ρ, t) of the space quantum state ρ by the relations
p(ρ, t) = −E(ρ, t)/c = −kT (t)χ(ρ)/c (7.6)
E(ρ, t) = +kT (t)
(
SE(ρ) + S(ρ)
)
= E(χ, t) (7.7)
m2(ρ, t)c4 = E2(ρ, t)− p2(ρ, t)c2 (7.8)
It follows from (7.8) that the mass of Dark Energy quanta m(ρ, t) = 0. At cosmological scales the
space quanta ρ of Dark Energy and Dark Matter do not form an ideal gas because their momentum
and energy are time dependent.
To account for the dynamical equations of state from the kinetics of the space quanta we shall
assume perturbed radially symmetric number density NDE(~x, t, χ) = NDE(r, t, χ) + δNDE(r, t, χ)
for Dark Energy and NDM (~x, t, S) = NDM (r, t, S) + δNDM (r, t, S) for Dark Matter. The total
energy content of Dark Energy in the volume V (t) then is given by
EDE(t) =
∫
V (t)
dV
∫
dχ[NDE(r, t, χ) + δNDE(r, t, χ)]E(χ, t) (7.9)
=
R(t)∫
0
4πr2dr < EDE(r, t) > +
R(t)∫
0
4πr2dr < δEDE(r, t) >
= V (t)
(
< EDE(t) >V + < δEDE(t) >V
)
(7.10)
where< EDE(t) >V is the average energy density and< δEDE(t) >V the average of its pertutbation.
The total pressure PDE(t) exerted by the force FA of Dark Energy at the surface A(t) of the volume
V (t) of radius R(t) is
PDE(t) =
1
A(t)
∫
A(t)
dFA =
1
A(t)
∫
A(t)
dA
dFA
dA
(7.11)
=
1
A(t)
∫
A(t)
dA
∫
dχ[NDE(R(t), t, χ) + δNDE(R(t), t, χ)]p(χ, t)c
=
1
A(t)
∫
A(t)
dA
∫
dχ[NDE(R(t), t, χ) + δNDE(R(t), t, χ)][−E(χ, t)/c]c
= − < EDE(t) >A − < δEDE(t) >A (7.12)
The energy density of Dark Energy must be the same for its volume and at its surface so that
< EDE(t) >V=< EDE(t) >A. Substituting < EDE(t) >V from (7.10) into (7.12) we find
PDE(t) = (−1 + ξ0)EDE(t)
V (t)
= (−1 + ξ0)ρ0(t) (7.13)
This shows that the entropic equation of state of Dark Energy is w0 = −1 at all times in agreement
with the ΛCDM Model and Section III. The dynamical parameter is
ξ0(t) =
(
< δEDE(t) >V − < δEDE(t) >A
) 1
ρ0(t)
= − 1
3Hρ0
kT
V
dS0
dt
(7.14)
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C. Dark Matter
In the quantum model of Dark Matter space quanta carry no entanglement so that SE(ρ) = 0.
We define their momentum p(ρ, t), energy E(ρ, t) and the mass m(ρ, t) by the relations
p(ρ, t) = −E(ρ, t)v(ρ, t)
c2
= 0 + kT (t)δS(ρ, t)/c (7.15)
E(ρ, t) = +kT (t)S(ρ) = E(S, t) (7.16)
m2(ρ, t)c4 = E2(ρ, t)− p2(ρ, t)c2 (7.17)
On cosmological scales Dark Matter quanta carry no momentum but admit its fluctuation due to
the fluctuation of the entropy δp = kT (t)δS(ρ, t)/c where δS(ρ, t) is some fraction of S(ρ). We
require a negative momentum p < 0 and set δS(ρ, t) = −κ(t)S where the fraction κ(t) > 0. The
positivity condition m2(ρ, t)c4 = (kT (t)S)2(1− κ2) > 0 implies that 0 < κ(t) < 1.
Using the relativistic relation Ev = |p|c2 we can formally assign the ”speed” v = c to the quanta
of Dark Energy and a ”speed”
v(ρ, t) =
|δS(ρ, t)|
S(ρ)
c = κ(t)c (7.18)
to the quanta of Dark Matter. Space quanta are not matter particles that move in Space. They
are the Space. We cannot interpret the quantity v(ρ, t) as the rate of change of position of the
quantum state ρ. However we can view it as a relation between the energy and momentum of the
space quantum ρ. Note that these ”speeds” do not depend on the states ρ.
For the total energy of Dark Matter we obtain in the first order
EDM (t) =
∫
V (t)
dV
∫
dS[NDM (r, t, S) + δNDM (r, t, S)]E(S, t) (7.19)
=
∫
V (t)
dV
∫
dSNDM (r, t, S)E(S, t) +
∫
V (t)
dV
∫
dS
(
δNDM (r, t, S)E(S, t)
)
=
∫
V (t)
dV [< EDM (r, t) > + < δEDM (r, t) >]
= V (t)
(
< EDM(t) >V + < δEDM (t) >V
)
(7.20)
With momentum given by p(ρ, t) = δp(S, t) the total pressure of Dark Matter is determined by the
momentum fluctuations δp(S, t) = δE(S, t)/c. In the first order we obtain
PDM (t) =
1
A
∫
A(t)
dA
∫
dS[NDM (R(t), t, S) + δNDM (R(t), t, S)][δE(S, t)/c]v (7.21)
=
1
A
∫
A(t)
dA < δEDM (R(t), t) > κ(t) =< δEDM (t) >A κ(t) (7.22)
The total pressure then reads
PDM (t) = (0 + ξM (t))
EDM (t)
V (t)
= (0 + ξM (t))ρM (t) (7.23)
This shows that the entropic equation of state of Dark Matter is wM = 0 at all times in agreement
with the ΛCDM Model and Section III. The dynamical parameter is
ξM(t) =< δEDM (t) >A κ(t) V (t)
EDM (t)
=< δEDM (t) >A κ(t) 1
ρM (t)
= − 1
3HρM
kT
V
dSM
dt
(7.24)
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D. ”Residual” matter term
In general, when the energy ǫ > 0 of the particles of an ideal gas with Bose-Einstein, Fermi-Dirac
or Maxwell-Boltzmann statistics is related to their positive momentum p > 0 by the relation
ǫ(p) ≈ ps (7.25)
the pressure P and energy density E
V
of the gas is given by
P =
s
3
E
V
(7.26)
independently of the statistics obeyed by the particles [47]. For s = 1 we recover the case of
radiation.
We now consider the case of static and not necessarily radially symmetric galaxies. In these
local systems at small scales momentum p(ρ, t0) and energy E(ρ, t0) do not depend on time so
we assume (7.25) and (7.26) still apply. The two-qubit quantum states ρ do not have a definite
spin but could obey Maxwell-Boltzmann or some more general statistics satisfying (7.25) and
(7.26). For classical particles s = 2 and momentum p > 0. But space quanta are not classical
particles and carry a negative momentum. We can thus consider the equation (7.25) for Dark
Energy with p′ = |p(ρ, t0)| > 0 where t0 is a fixed local time. It follows from (7.6) and (7.7) that
E(ρ, t0) = p
′(ρ, t0)c for all states ρ of Dark Energy so that s = 1. Then (7.26) reads
P ′ = |P | = −P = 1
3
E
V
(7.27)
where P ′ and P are the magnitude and the value of the pressure, respectively, with P = −13 EV . This
equation formally implies the relation (5.23) < p >= −13 < ρ > for the pressure and energy density
of galactic Dark Energy with the equation of state wr = −13 in agreement with Einstein equations.
The probability distributions of Dark Matter, both without and with baryons present, are similarly
described by the time independent radial functions of the form f(r, t0, S) so Einstein equations
predict the equation of state wr = −13 in both these cases. This necessitates a change in the kinetics
of the quantum states of the Dark Matter in the galactic systems. With δS = −κS where 0 < κ < 1,
the quanta of Dark Matter acquire a negative momentum p(ρ, t0) = kT (t0)δS/c = −κ(t0)kT (t0)S/c
and a positive energy E(ρ, t0) = kT (t0)S. With p
′ = |p(ρ, t0)| the equation (7.25) reads
E(ρ, t0) =
c
κ(t0)
p′(ρ, t0) (7.28)
This implies again s = 1 leading to (7.27) and thus to < p >= −13 < ρ > for galactic Dark Matter,
in agreement with Einstein equations in the case of radially symmetric densities p and q. .
We now return to the evolving Universe. The combined pressure of all static and not necessarily
radially symmetric galaxies i is
Pr(t0) =
∑
i
Pi = −1
3
∑
i
EDE,i(t0) + EDM,i(t0)
Vi(t0)
= −1
3
∑
i
λi
Er(t0)
Vr(t0)
= −1
3
Er(t0)
Vr(t0)
(7.29)
where
∑
i
λi = 1 and where Er(t0) and Vr(t0) are the total energy and volume of these galaxies.
The evolution of the Universe imposes evolution of the energy density ρr(t) =
Er(t0)
Vr(t0)
described by
dρr
dt
+ 3Hρr = −3HPr = −3Hwrρr (7.30)
with the solution ρr(t) =
(
a(t0)
a(t)
)3(1+wr)
ρr(t0). We have recovered the ”residual” matter term (5.24)
in the Hubble function (3.30). The densities ρr(t) and pr(t) = wrρr(t) describe the whole ensemble
of all static (slowly evolving) galaxies. We interpret them as galactic ”internal” curvature.
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VIII. RECONSTRUCTION OF THE ROBERTSON-WALKER METRIC FROM DARK
ENERGY AND DARK MATTER
Applied to the cosmological scales the full Einstein equation reads
Gµν =
8πG
c2
Tµν =
8πG
c2
(
TΛµν +
rad∑
k=0
T kµν
)
(8.1)
where the cosmological constant term TΛµν = −ρΛgµν and the ”material” terms T kµν are given
by (5.13). The solution of this equation is expected to be the Robertson-Walker metric gRWµν =
g
(0)
µν + g
(c)
µν where the flat and curvature terms are given by [27]
g(0)µν = diag(−1, a2(t), a2(t), a2(t)) (8.2)
g
(c)
ij = a
2(t)k
r2ΩiΩj
R20 − kr2
, g
(c)
00 = g
(c)
i0 = g
(c)
0j = 0
where Ωi =
xi
r
, i = 1, 3 are defined following the equation (5.51). The Robertson-Walker metric
is a gravitational field that describes the homogeneous and isotropic Space at large cosmological
scales. The gravitational fields of Dark Energy and Dark Matter at these scales arise from the
quantum structure of the Space. Since they describe the same Space together they must be equal
to the Robertson-Walker metric.
With the presence of the homogeneous Baryonic matter in the Universe the gravitational fields
of Dark Energy and Dark Matter are given by
gMBµν = g
(0)
µν + h
MB
µν = g
(0)
µν + h
MV
µν
(
1 + 4πχM
)
(8.3)
gEBµν = g
(0)
µν + h
EB
µν = g
(0)
µν + h
EV
µν
(
1 + 4πχE
)
(8.4)
The combined field is a superposition of the two fields that equals to the Robertson-Walker metric
gRWµν = cos
2 ηgMBµν + sin
2 ηgEBµν (8.5)
The Baryonic gravitational field is taken into account in gMBµν and g
EB
µν .
There are two equivalent forms for hMBµν and h
EB
µν . With the displaced static probability distri-
bution p(~x, S)→ p′(~x′, S) where x′µ = x′µ(~x) we find
hMBµν (~x) = (1 + 4πχM (~x))h
MV
µν (~x) = (1 + 4πχM )a
nµν r20
2∫
0
dS
1
p(~x, S)
∂p(~x, S)
∂xµ
∂p(~x, S)
∂xν
(8.6)
= anµνr20
2∫
0
dS
1
p′(~x′, S)
∂p′(~x′, S)
∂xµ
∂p′(~x′, S)
∂xν
(8.7)
= anµνr20
3∑
k,m=1
[ 2∫
0
dS
1
p′(~x′, S)
∂p′(~x′, S)
∂x′k
∂p′(~x′, S)
∂x′m
](
∂x
′k
∂xµ
∂x
′m
∂xν
)
(8.8)
= anµνr20
3∑
k,m=1
[ 2∫
0
dS
1
p′(~x′, S)
∂p′(~x′, S)
∂x′k
∂p′(~x′, S)
∂x′m
](
∂x
′k
∂r
∂x
′m
∂r
)
ΩµΩν (8.9)
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where n00 = 0, ni0 = n0j = 1, nij = 2 and Ω0 = 0. With the displaced static probability
distribution q(~x, χ)→ q′(~x′, χ) we can write hEBµν in a similar form.
Since g
(c)
00 = 0 it follows from (8.6) and (8.7) that p and p
′ (and similarly q and q′) do not
depend on time t. The consistency of the expressions (8.6),(8.7) and (8.8), (8.9) for the spatial
components ij then implies time independence of χM (and similarly χE). A comparison with g
(c)
ij
then implies that η does not depend on time but can depend on r. It follows fom (8.9) that the
terms multiplying the angular factors ΩiΩj can be negative as required by (8.12) and (8.13) below.
Assuming ∂x
′k
∂xµ
= constδx′k,xµ on galacic scales we recover the relations (5.20) and (5.21).
Following (5.9) and (5.12) and assuming (5.48) and (5.55) we can write at large scales
hMVµν = a
nµνr20
2
α2
∂α
∂xµ
∂α
∂xν
= anµν
(
r0
√
2
α
dα
dr
)2
ΩµΩν (8.10)
hEVµν = a
nµνr20
χm
β2
∂β
∂xµ
∂β
∂xν
= anµν
(
r0
√
χm
β
dβ
dr
)2
ΩµΩν (8.11)
In (8.10) and (8.11) we assume static and radially symmetric α(r, t) and β(r, t), respectively, and
define Ω0 = 0. Note that at large scales not necessarily |hEVµν | ≪ 1 and |hMVµν | ≪ 1 (see below).
After some cancellations the condition (8.5) implies
kr2
R20 − kr2
= cos2 η
(
r0
√
2
α
dα
dr
)2(
1 + 4πχM
)
(8.12)
+ sin2 η
(
r0
√
χm
β
dβ
dr
)2(
1 + 4πχE
)
We seek the solution of (8.12) for k = −1 in the form
k = −1 = cos2 η
(
1 + 4πχM
)
= sin2 η
(
1 + 4πχE
)
(8.13)(
r0
√
2
α
dα
dr
)2
= cos2 ξ
r2
R20 + r
2
(8.14)
(
r0
√
χm
β
dβ
dr
)2
= sin2 ξ
r2
R20 + r
2
(8.15)
The equations (8.13) imply
1
1 + 4πχM
+
1
1 + 4πχE
= −1 (8.16)
For |hMBν | ≪ 1 we have r0
√
2
α
dα
dr
≪ 1 which implies r2
R2
0
+r2
≪ 1. Since all functions are analytical
we can analytically continue the equation (8.14) to r →∞. The same proceedure applies to (8.15).
Integrating (8.14) and (8.15) from r = 0 to r we find the solutions of the equations (8.14) and
(8.15) read
α(r) = α(0) exp
[ r∫
0
√
cos2 ξ
2r20
r2
R20 + r
2
dr
]
(8.17)
β(r) = β(0) exp
[ r∫
0
√
sin2 ξ
χmr20
r2
R20 + r
2
dr
]
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The gravitational fields (8.3) and (8.4) of Dark Matter and Dark Energy now have a new equivalent
form with k = −1
gMBµν = g
(0)
µν + a
nµν
cos2 ξ
cos2 η
kr2
R20 − kr2
ΩµΩν (8.18)
gEBµν = g
(0)
µν + a
nµν
sin2 ξ
sin2 η
kr2
R20 − kr2
ΩµΩν (8.19)
In general the parameter ξ is a function of r. In a notable special case where ξ(r) ≡ η(r) the
gravitational fields of Dark Energy and Dark Matter both coincide with the Robertson-Walker
metric
gEBµν = g
MB
µν = g
RW
µν (8.20)
This possibility is physically very intriguing. For ξ(r) ≈ 0 the gravitational field of Dark Energy
is simply the flat component of the Robertson-Walker metric gEBµν ≈ g(0)µν .
At the scales of galaxies (G) and clusters (C) as well as the voids the Baryonic field hB,GCα,β 6= hBmα,β
so that hMB,GCµν 6= hMB,RWµν . The local gravitational field of the Space is then a superposition of
the local fields gMB,GCµν = g
(0)
µν + h
MB,GC
µν and g
EB,GC
µν = g
(0)
µν + h
EB,GC
µν
gGCµν = g
(0)
µν + cos
2 ηGChMB,GCµν + sin
2 ηGChEB,GCµν = g
(0)
µν + h
GC
µν (8.21)
For |hGCµν | ≪ 1 we reset g(0)µν = ηµν so that
gGCµν = ηµν + h
GC
µν (8.22)
IX. RECOVERY OF FRIEDMANN EQUATIONS FROM THE GRAVITATIONAL
FIELDS OF DARK ENERGY AND DARK MATTER.
We can view the Robertson-Walker metric as a solution of the Einstein equations for a gravita-
tional field sourced by the energy-momentum stress tensor of the cosmic fluid with energy density
ρ and pressure p. Einstein equations are then reduced to the Friedmann equations (2.2) and (2.3).
Similarly, we can view the gravitational field of Dark Energy gEBµν (Dark Matter g
MB
µν ) at cos-
mological scales as the solution of Einstein equations sourced by an effective energy-momentum
stress tensor of Dark Energy (Dark Matter) formed by the fractions ρ¯0 and p¯0 (ρ¯M and p¯M ) of
the energy density ρ and pressure p with ρ¯0 = fρ, p¯0 = fp and ρ¯M = gρ, p¯M = gp where
sin2 η(0)f + cos2 η(0)g = 1.
Following Weinberg [27] we write Einstein equations with no cosmological constant in the form
Rµν = −8πG
c4
Sµν (9.1)
where Rµν is the Ricci tensor and Sµν is given in terms of the energy-momentum stress tensor
Sµν = Tµν − 1
2
gµνT
µ
µ (9.2)
T00 = ρ, Ti0 = 0, Tij = a
2pgij (9.3)
For the Robertson-Walker metric with k = −1 we define
gRWij = a(t)
2
(
δij − x
ixj
R20 + r
2
)
= a(t)2g˜ij (9.4)
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The Robertson-Walker field is a superposition of the Dark Matter and Dark Energy fields with
k = −1 for which we write
gMBij = a(t)
2
(
δij − C(r) x
ixj
R20 + r
2
)
= a(t)2g¯Mij (9.5)
gEBij = a(t)
2
(
δij − S(r) x
ixj
R20 + r
2
)
= a(t)2g¯Eij (9.6)
where C(r) = cos
2 ξ
cos2 η
and S(r) = sin
2 ξ
sin2 η
. For the Einstein equations of Dark Matter we find
RMij c
2 = R˜Mij c
2 − 2a˙2g¯Mij − aa¨g¯Mij = −
4πG
c2
(ρ¯M − p¯M )a2g¯Mij (9.7)
RM00c
2 = 3
a¨
a
= −4πG
c2
(3p¯M + ρ¯M ) (9.8)
RMi0 = 0, R
M
0i = 0 (9.9)
ρ¯M and p¯M are the effective energy density and pressure of Dark Matter. The purely spatial term
R˜Mij was calculated and it has the form
R˜Mij = A
M (r)δij +B
M (r)g˜ij (9.10)
where the terms AM (r) and BM(r) depend on C(r) and dC
dr
. We are interested in the point ~x = 0
where the observer is located and makes his observations and measurements. At r = 0 the spatial
Ricci tensor R˜Mij =
2C(0)
R2
0
δij so that it can be rewritten in the form
R˜Mij =
2C(0)
R20
g¯Mij (9.11)
This is a relation between two three-tensors which must be true in all coordinate systems related
by transformations of the point ~x = 0 into another point in space. The equation (9.7) then implies
2C(0)c2
R20a
2
− 2a˙
2
a2
− a¨
a
= −4πG
c2
(ρ¯M − p¯M ) (9.12)
Using (9.8) to eliminate the a¨ term in (9.12) these two equations take the form
ρ¯M + C(0)ρc =
3c2
8πG
H2 (9.13)
p¯M + C(0)pc =
3c2
8πG
(−H2 − 2
3
dH
dt
)
(9.14)
where the curvarure density and pressure ρc and pc are defined by (2.4).
For the Einstein equations of Dark Energy we find
REijc
2 = R˜Eijc
2 − 2a˙2g¯Eij − aa¨g¯Eij = −
4πG
c2
(ρ¯0 − p¯0)a2g¯Eij (9.15)
The Ricci tensor R˜Eij has a form identical to (9.10) with C(r) replaced by S(r). At r = 0 it reads
R˜Eij =
2S(0)
R2
0
δij so that again we can write R˜
E
ij =
2S(0)
R2
0
g¯Eij . This leads to equations similar to (9.13)
and (9.14) with ρ¯0 and p¯0 being the effective energy density and pressure of Dark Energy
ρ¯0 + S(0)ρc =
3c2
8πG
H2 (9.16)
p¯0 + S(0)pc =
3c2
8πG
(−H2 − 2
3
dH
dt
)
(9.17)
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Next we multiply the equations (9.13) and (9.14) by cos2 η(0) and the equations (9.16) and (9.17)
by sin2 η(0). Adding such equations (9.13) and (9.16) and similarly adding (9.14) and (9.17) we
recover the Friedmann equations (2.2) and (2.3) in the form reminiscent of (8.5)
cos2 η(0)ρ¯M + sin
2 η(0)ρ¯0 + ρc = ρ+ ρc =
3c2
8πG
H2 (9.18)
cos2 η(0)p¯M + sin
2 η(0)p¯0 + pc = p+ pc =
3c2
8πG
(−H2 − 2
3
dH
dt
)
(9.19)
Following the Sections III.A-III.C we recover the General form (3.18) of the Hubble function
H2(z) and following the Section IV its Entropic form (5.30). We have connected the gravitational
fields (8.18) and (8.19) of Dark Matter and Dark Energy at cosmological scales to the measurable
Hubble function with the relations (9.13)-(9.14) and (9.16)-(9.17), respectively, involving the fields
parameters C(0) and S(0) and the parameters of their energy-momentum stress tensors.
Finally we note that we can determine the fractions g and f using (9.13) and (9.16). Assuming
ρΛ = 0 in the Friedmann equation (2.2) we can write
ρ¯M = g
( 3c2
8πG
H2 − ρc
)
=
3c2
8πG
H2 − C(0)ρc (9.20)
ρ¯0 = f
( 3c2
8πG
H2 − ρc
)
=
3c2
8πG
H2 − S(0)ρc
Hence we obtain
g =
3c2
8πGH
2 − C(0)ρc
3c2
8πGH
2 − ρc
, f =
3c2
8πGH
2 − S(0)ρc
3c2
8πGH
2 − ρc
(9.21)
X. CONCLUSIONS AND OUTLOOK
We have constructed a cosmology of Cyclic Universe governed by joint laws of the General theory
of relativity, Thermodynamics and Quantum Information theory. Einstein’s theory of gravity and
Thermodynamics contribute a general form of the Hubble function which predicts Dark Energy
and Dark Matter as well as the acceleration-deceleration transitions of the Universe expansion.
Thermodynamics also predicts, at all z, the equation of state of Dark Energy w0 = −1 and Dark
Matter wM = 0. Quantum Information theory elucidates the physical nature of the Dark Energy
and Dark Matter in terms of the quantum structure of the spacetime. Thermodynamics of the
components of the Universe and the quantum structure of space specify our Entropic Model E.
The central tenets of the Entropic Model are three ideas: (i) Space is gravitational fields (ii)
Space has a quantum structure (iii) Dark Energy and Dark Matter are the Space. We identify the
non-local entangled space quanta with Dark Energy and the non-entangled space quanta with Dark
Matter. Dark Energy and Dark Matter are described by probability distribution functions p(~x, t, S)
and q(~x, t, χ) of entropies of their quanta. The gravitational fields of Dark Energy and Dark Matter
are given by two quantum duality relations in terms of the Fisher metric defined by the distributions
p and q, respectively. Baryonic matter perturbs these distributions. The perturbations δp and δq
are related to the Baryonic gravitational field by Baryonic quantum duality relations.
This quantum model of the spacetime determines the entropic (dynamical) terms Σ0(t) and
ΣM (t) of Dark Energy and Dark Matter, respectively, in terms of the entropy Σλ(t) of the average
quantum state ρλ(t) of the Dark Energy. The theory also predicts a new cosmological component
ρr(t) with equation of state wr = −13 . Called ”residual” matter term it plays the role of an
”internal” curvature term. The consistency with the ”external” curvature ρc(t) of the Robertson-
Walker metric demands that k = −1. The quantum structure of space thus predicts that our
38
spacetime is anti-de Sitter spacetime. The prediction of positive spatial curvature density Ωc,0
imposes separate constraints on the cosmological parameters ΩMm,0 and Ω0,0.
To prove the consistency of the quantum model of the spacetime with the thermodynamical
extension of the Friedmann equations presented in the Section III we have used the kinetics of
space quanta to derive the entropic equations of state w0 = −1 and wM = 0 for Dark Energy and
Dark Matter, respectively, as well as the corresponding dynamical parameters ξ0(z) and ξM (z).
Notable achievement of this model is the demonstration in the Section VII.D that the ”residual”
matter term in the Hubble function arises from all slowly evolving (”static”) galaxies in agreement
with the predictions of the Einstein equations in the case of radially symmetric densities p and q.
Notwithstanding the interpretation of this new term as an ”internal” curvature we treat the
”residual” matter as a component of the Universe with a particle structure and subject to the Euler
equations. The densities ρr(t) and pr(t) = wrρr(t) describe the entire ensemble of the Nr galaxies
(”particles”) of the Universe now identified as the ”residual” matter. Its Euler equations predict
the presence of the ”residual” matter term in the Hubble function. Its constant entropy Sr means
that this system of galaxies as a whole is a closed system subject only to its own cosmic evolution.
In particular, galaxies can form evolving clusters, supercluster and the cosmic web.
At cosmological scales Space is described by the Robertson-Walker gravitational field as well
as by the gravitational fields of Dark Energy and Dark Matter. Identifying the Robertson-Walker
metric with a superposition of the general solutions for the gravitational fields of Dark Energy
and Dark Matter we determine the explicit form of these fields in terms of parameters ξ(r) and
η(r). Assuming effetive energy-momentum stress tensors of Dark Energy and Dark Matter, we use
the Einstein equations for these fields to calculate the Friedmann-like equations for each field and
show these solutions combine to recover the Friedmann equations proper. This result is a direct
consequence of the special values of the spatial Ricci tensors at ~x = 0 for these two fields. With
the parameter ξ(r) ≡ η(r) the gravitational fields of Dark Energy and Dark Matter at cosmological
scales both coincide with the Robertson-Walker metric.
In the follow-up paper [18] we test all our predictions in the fits of the Model E to the Hubble data
H(z) and angular diameter distance data dA(z). The fits to Hubble data confirm the existence
of the ”residual” matter term with wr = −13 and validate the constraints on the cosmological
parameters. The fits to dA(z) determine positive values of Ωc,0 in agreement with the theory.
The fits of the Model E to the analytical Model A of the Cyclic Universe developed in a related
paper [19] confirm the equivalence of the two models with an astonishing χ2/dof = 0.0000057. We
conclude that Model A and Model E represent the same Cyclic Universe with negative curvature
and quantum structure of the spacetime.
The initial energy density and the initial temperature of each cycle of the Cyclic Universe are
finite, and there is no indefinite expansion. There are no increases of the entropy of the Cyclic
Universe after each cycle that disallowed the early models of Cyclic Universe [48]. The entropy of
the atomic matter increases during the expansion but is fully transformed back into the entropy
of radiation during the contraction. This is possible because the atomic matter and radiation
form a subsystem connected by the cyclic acale factor a(t) to the larger dynamical system of
the whole Universe (see the relations (4.28) and (4.29)). Associated transformations of radiation
into atomic matter and vice versa during the evolution arise from their particle interactions and
redshifts. The evolution dynamics which conserves the total entropy of the atomic matter and
radiation S′′ = Sm(t) + Srad(t) = Sm(a(t)) + Srad(a(t)) as well as their total particle numbers
N ′′ = Nm(t) +Nrad(t) = Nm(a(t)) +Nrad(a(t)) thus allows a Cyclic Cosmology.
In a sequel paper [49] we use our quantum information model of Dark Energy and Dark Matter
to study their gravitational fields in a static and radially symmetric galaxy. We recover the radial
acceleration relation of galaxies recently discovered in a study of 153 different galaxies [50, 51] and
find that the equation of state of this galactic Dark Matter and Dark Energy system is wr = −1/3.
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The existence of this ”residual” matter term ρr(t) in the Hubble function is strongly supported by
the agreement of the theory with the observed radial acceleration relation.
The evidences for the ”residual ”matter term and anti-de Sitter spatial curvature support our
quantum model of the spacetime but the ultimate evidence will be the direct observation of the
space quanta in dephasing hadron interactions. First proposed by Hawking in 1982 [52, 53] to
describe non-unitary interactions of the particle scattering processes with spacetime metric fluctu-
ations, the dephasing interactions are non-unitary interactions of the produced final hadron states
ρf (S) with the quantum states ρ(E) of a quantum environment E to form observed hadron states
ρf (O) [54]. The observed states ρf (O) carry information about the diagonal elements of the states
ρ(E) [54]. We can identify the quantum environment E with the Space and the quanta ρ(E) with
the space quanta. In principle, the measurements of the state ρf (O) in suitable hadron interactions
could determine average values of the diagonal elements of the local space quanta.
The theoretical basis of the cyclic/entropic cosmology in the three pillars of Modern Physics
renders this cosmology a compelling framework for the analysis of the observations to be made by
the ongoing and upcoming astronomical surveys at high redshifts [11–16].
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Appendix A: Friedmann equation for the scale factor
The scale factor is not a simple but a complex periodic function of time. Because it has a deep
physical meaning we expect this function to be a solution of a fundamental equation for a non-
harmonic oscillator. We show that the second Friedmann equation (2.10) is formally equivalent to
such an equation. We write (2.10) in the form
2
3
dH
dt
= −H2 − 8πG
3c2
p¯ (A1)
This equation is a particular form of the Riccati equation [30]
g(x)
dy
dx
= f2(x)y
2 + f1(x)y + f0(x) (A2)
Using the transform
u(x) = exp
(
−
∫
f2
g
ydx
)
(A3)
the equation (A2) takes the form
f2g
2 d
2u
dx2
+ g
[
f2
dg
dx
− gdf2
dx
− f1f2
]du
dx
+ f0f
2
2u = 0 (A4)
In our case g = 23 , f2 = −1, f1 = 0, f0 = −8πG3c2 p¯. With the trasform for t > tα
u(t) = exp
(
−
t∫
tα
−3
2
Hdt′
)
=
( a(t)
a(tα)
) 3
2
(A5)
we find
d2u
dt2
+
3
2
Ω2p(t)u = 0 (A6)
This is an equation for simple harmonic motion with time dependent angular frequency 32Ω
2
p(t) =
6πG
c2
p¯ for the function u = a
3
2 (t). The equation for the scale factor itself reads
d2a
dt2
+Ω2p(t)a = −
1
2a
(da
dt
)2
(A7)
where Ω2p(t) =
4πG
c2
p¯. This is an equation for a self-driven non-harmonic oscillator with the time
dependent cyclic angular frequency Ω2p(t) that changes signs and the self-driving ”force” − 12a
(
da
dt
)2
.
Its solutions are periodic non-harmonic functions a(t) that do not change signs. In a related
work [19] we give a specific example of such sign changing Ω2p(t) and the corresponding non-
harmonic periodic scale factor. It is useful to write (A7) in the form
d2a
dt2
+
1
2a
(da
dt
)2
+ F (a) = 0 (A8)
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where F (a) = 4πG
c2
p¯(a)a with p¯ given by (3.15). With the substitution y(a) = da
dt
and d
2a
dt2
= dy
dt
=
dy
da
da
dt
= dy
da
y the second order equation (A8) becomes a first order equation
dy
da
= − 1
2a
y − F (a)1
y
(A9)
This is a special case of the equation [30]
dy
dx
= f(x)y1+n + g(x)y + h(x)y1−n (A10)
which can be transformed with a substitution w = yn into a Riccati equation
dw
dx
= nf(x)w2 + ng(x)w + nh(x) (A11)
In our case we have f = 0 and n = 2 so with w = y2 the equation (A9) becomes
dw
da
= −1
a
w − 2F (a) (A12)
This is a first order linear equation y′(x) + P (x)y = Q(x) which has a solution given by (3.3)
w(a) =
a0
a
{
a(a0)− 2
a∫
a0
( a′
a0
)
F (a′)da′
}
(A13)
With w =
(
da
dt
)2
and H2 = w
a2
we recover the solution of the Friedmann equation (3.4), leading to
the Hubble function (3.18).
The equation (3.18) for the predicted Hubble function can be solved for the scale factor
a(t) = a(t0)±
(da
dt
)
0
t∫
t0
√
a2
a20
[
Ω0,0 +Σ0(a)
]
+
a0
a
[
ΩMm,0 +ΣM (a)
]
+
a20
a2
Ωrad,0dt
′ (A14)
where the + (−) sign applies to the expansion (contraction) with da
dt
> 0 (da
dt
< 0). The equation
(A14) is a complex integral equation for a(t). The functions Σ0(a) and ΣM(a) are unknown. Models
of these functions determine the Hubble function H2(a) in (3.18) but solving the equation (A14)
for a(t) may be elusive. Models of a(t) can determine H2(a) from the definition of the Hubble
parameter but strongly restrict models of Σ0(a) and ΣM (a) which must reproduce this H
2(a) in
the equation (3.18). We successfully follow this latter approach in our related paper [19] and in
this work.
Appendix B: Two-qubit quantum states
Two-qubit quantum states ρ are 4×4 Hermitian density matrices with trace Trρ(E) = 1. They
can be written in two equivalent forms
ρt =
1
4
3∑
µ,ν=0
tµνσ
µ ⊗ σν (B1)
ρp =
1∑
m,n=0
1∑
m′,n′=0
pmn,m′n′ |m > |n >< m′| < n′| (B2)
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where ρt = ρp. The form (B1) is expressed in the Fano basis σ
µ⊗ σν where σµ are Pauli matrices.
The form (A2) is expressed in the computational basis of two-qubit states |m > |n >, m,n = 0, 1
where |0 >= |+2 >, |1 >= |−2 > represent helicity states of massless gravitons. The computational
form follows from the Fano form using Pauli matrices in the single qubit computational basis
σ1 = |0 >< 1|+ |1 >< 0|, σ3 = |0 >< 0| − |1 >< 1|
iσ2 = |0 >< 1| − |1 >< 0|, σ0 = |0 >< 0|+ |1 >< 1| (B3)
Using relations (B3) we can relate the matrix elements pmn,m′n′ to tµν
p00,00 =
1
4
(
t00 + t30 + t03 + t33
)
, p01,01 =
1
4
(
t00 + t30 − t03 − t33
)
p11,11 =
1
4
(
t00 − t30 − t03 + t33
)
, p10,10 =
1
4
(
t00 − t30 + t03 − t33
) (B4)
p00,11 =
1
4
(
t11 + it12 + it21 − t22
)
, p01,10 =
1
4
(
t11 − it12 + it21 + t22
)
p11,00 =
1
4
(
t11 − it12 − it21 − t22
)
, p10,01 =
1
4
(
t11 + it12 − it21 + t22
) (B5)
p00,10 =
1
4
(
t10 + t13 + i(t20 + t23)
)
, p01,11 =
1
4
(
t10 − t13 + i(t20 − t23)
)
p10,00 =
1
4
(
t10 + t13 − i(t20 + t23)
)
, p11,01 =
1
4
(
t10 − t13 − i(t20 − t23)
) (B6)
p00,01 =
1
4
(
t01 + t31 + i(t02 + t32)
)
, p10,11 =
1
4
(
t01 − t31 + i(t02 − t32)
)
p01,00 =
1
4
(
t01 + t31 − i(t02 + t32)
)
, p11,10 =
1
4
(
t01 − t31 − i(t02 − t32)
) (B7)
The most general form of any separable state ρsep with dimension 4 is well known state [23, 25]
ρsep =
∑
a
qaρ
A
a ⊗ ρBa (B8)
where qa > 0 and
N∑
a=1
qa = 1 and where
ρAa =
1
2
(
σ0 + ~P
A
a ~σ
)
, ρBa =
1
2
(
σ0 + ~P
B
a ~σ
)
(B9)
Here σ0 = I and ~σ = (σ
1, σ2, σ3) are Pauli matrices. The most general form of Dark Matter
quantum state has then a form in Fano basis
ρDM =
1
4
N∑
a=1
qa
3∑
µ,ν=0
PAa,µP
B
a,νσ
µ ⊗ σν = 1
4
3∑
µ,ν=0
tµνσ
µ ⊗ σν (B10)
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